ISOTOPIES OF LEGENDRIAN 1-KNOTS 
AND LEGENDRIAN 2-TORI 



TOBIAS EKHOLM AND TAMAS KALMAN 

Abstract. We construct a Legendrian 2-torus in the 1-jet space of ^""^ x R (or 
of M^) from a loop of Legendrian knots in the 1-jet space of R. The differential 
graded algebra (DGA) for the Legendrian contact homology of the torus is explicitly 
computed in terms of the DGA of the knot and the monodromy operator of the loop. 
The contact homology of the torus is shown to depend only on the chain homotopy 
type of the monodromy operator. The construction leads to many new examples of 
Legendrian knotted tori. In particular, it allows us to construct a Legendrian torus 
with DGA which does not admit any augmentation (linearization) but which still 
has non-trivial homology, as well as two Legendrian tori with isomorphic linearized 
contact homologies but with distinct contact homologies. 



1. Introduction 

Let M be a smooth n- manifold and consider the 1-jet space J^(M) = T*M x M 
with coordinates {x,y,z), where x G M, y G T*M, and z G M. The 1-form a = 
dz — yj dxj is a contact 1-form and ^ = ker(a) is the standard contact structure on 
J^(M). The Reeb vector field of a contact form j3 is the unique vector field Rjs which 
satisfies dj3{Ri3, ■) = and PiRp) = 0. Hence, if a is the standard contact form then 
Ra = dz- An n-dimensional submanifold L C J^(M) which is everywhere tangent to ^ 
is called Legendrian. The isotopy problem for Legendrian submanifolds is the problem 
of distinguishing the path components of the space of Legendrian submanifolds. It 
is a very rich and interesting problem, see e.g. [3l [TOl El [161 [H]- [IS] the related 
problem of detecting non-contractible loops in the space of Legendrian 1-submanifolds 
of J^(M) was studied. In this paper we relate the latter problem to the former problem 
for Legendrian tori in J^(R x S^) (and in J^(]R^)). 

The introduction of Legendrian contact homology, see [3], [11], lead to major break- 
throughs in the study of the Legendrian isotopy problem. The contact homology of a 
Legendrian submanifold L C J^(M) is the homology of a differential graded algebra 
(DGA) A{L) associated to L. Here A{L) is the (non-commutative) unital DGA freely 
generated by the Reeb chords of L (flow lines of the Reeb vector field starting and 
ending on L) graded by their Conley-Zhender indices. (For simplicity, throughout this 
paper we will work with Z2-coefficients so that A{L) is an algebra over a Z2-group 
ring, rather than a Z-group ring.) The differential on A{L) is defined using moduli 
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spaces of boundary punctured holomorphic disks in the symplectization J^(M) x M 
with Lagrangian boundary condition L x M C J^(M) x M and with certain asymp- 
totic properties near the punctures, see Subsections 12.11 and I2.2[ For 1-dimensional 
Legendrian submanifolds of the Riemann mapping theorem allows for a purely 

combinatorial description of contact homology, see [3|. For higher dimensional Leg- 
endrian submanifolds, analytical foundations for contact homology were worked out 
in [6l[8]. In |^4j, a more combinatorial description was obtained: Legendrian contact 
homology in 1-jet spaces was described entirely in terms of Morse theoretic objects 
called flow trees, see Subsection 12.31 

Contact homology has certain functorial properties. In particular, each isotopy of 
Legendrian knots induces a Lagrangian cobordism which in turn induces a morphism 
of the contact homologies at its endpoints. Such morphisms induced by isotopies were 
dealt with from a purely combinatorial point of view in pjj- (The techniques used 
in this paper lead to a description of these morphisms in terms of moduli spaces of 
holomorphic curves in a cobordism, see [9] ). 

In order to state the main theorem of the paper we first describe the underlying 
geometric construction. Let L C J^(M) be a Legendrian submanifold which is in 
sufficiently general position with respect to the projection lip: J^{M) J^{M). The 
image lipiL) is the front of L and determines L. If 7(t), t G S*^ is a 1-parameter 
family of Legendrian submanifolds, starting and ending at L, then (n^(7(t)),t) C 
J^{M X S^) is the front of a Legendrian embedding L x 5*^ — > J^(M x 5*^). We 
call this Legendrian embedding the trace of the isotopy and denote the corresponding 
Legendrian submanifold by When M = R, consider an embedding S*^ x R ^ 

obtained by identifying S*^ x M with a small tubular neighborhood of the unit circle. 
Using this embedding we may consider C J^{S^ x M) c J"'^(R^). 

Theorem 1.1. Let'~f{t), t & be a loop of Legendrian submanifolds o/ J^(R) starting 
and ending at L G J^{M.). Let A = Z2[iJi(-L)](ci, . . . , Cf) be the DGA of L, let \cj\ 
denote the degree of the generator cj, and let (p: A A be the monodromy operator 
associated to 7. Then the DGA of T,^{L) as a Legendrian submanifold of J^{S^ x M) 
or 0/ J^(R^) is stable tame isomorphic to the algebra (^, A), where 

A = Z2[Hi{L X 5'^)](ci, . . . ,c^,ci, . . . ,Cr), 

with |cj| = |cj| + 1 for all j , and where 

A{cj) = dcj, 

^(9) = Cj + ^{cj) + T^{dcj), 

with Tfj,: A ^ A denoting the degree 1 derivation defined by T{cs) = Cg and extended 
to all of A by 

T^{a(3) = T^{a)<P{(3) + aT^{(3). 

Theorem 11.11 is proved in Section [71 Using it, we produce examples establishing the 
following. 

Theorem 1.2. Let Y denote J^{S^ x R) or J^(R^) equipped with its standard contact 
form. 
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(a) There exists a Legendrian torus in Y with DGA which has no augmentation but 
which has non-zero homology. 

(b) There exists a Legendrian torus in Y with linearized contact homology isomor- 
phic to the linearized contact homology of the standard torus (the standard torus 
is the trace of the constant isotopy of the unknot) but with full contact homology 
different from that of the standard torus. 

Theorem 11.21 is proved in Section [SI 

The paper is organized as follows. In Section [2] we recall the definition of contact 
homology and describe how to compute it in 1-jet spaces using fiow trees. In Section 
Owe discuss certain slight generalizations of contact homology described in terms of 
perturbed fiow trees. In Section H] we explain how the differential d of the DGA A of the 
trace of the constant isotopy can be computed in terms of perturbed fiow trees which 
arise from a geometric perturbation of the Legendrian submanifold. This computation 
is however not explicit enough to yield a closed formula for d. In Section [5] we design an 
abstract perturbation for the trace of the constant isotopy which yields a closed formula 
for another differential d' on the DGA A. By a result from Section [31 the DGAs {A, d) 
and {A, d') are tame isomorphic. In Section [H] we discuss how to decompose an isotopy 
into simple pieces and how to compute the DGAs of the traces of such simple pieces. 
Concatenation of the pieces then yields the DGA for the full isotopy. However, the 
concatenation gives a DGA with an enormous number of generators. In Section [7] 
we show, using a purely algebraic argument, that the DGA with the large number of 
generators is stable tame isomorphic to the DGA in the formulation of Theorem 11.11 
We also give an algebraic proof of fact that the contact homology of the trace of an 
isotopy depends only on the chain homotopy class of the morphism of the isotopy. In 
Section [H] we study examples needed to establish Theorem 11.21 

2. Background 

In this section we give a brief description of Legendrian contact homology and of 
how to compute it for Legendrian submanifolds in 1-jet spaces. For details we refer to 
[HI [HI H] • More precisely, the DGA associated to a Legendrian submanifold. is described 
in Subsections 12.11 and 12. 2[ In Subsection 12.31 we define fiow trees and describe the 
relation between rigid fiow trees and rigid holomorphic disks. 

2.1. Holomorphic disks. Let M be a smooth n-manifold, endow J^{M) = T*M x M 
with its standard contact form, and let 2; be a coordinate in the M-direction. Let L be 
a closed Legendrian submanifold . We assume that L is sufficiently generic so that the 
Lagrangian projection Uq: J^{M) T*M restricted to L has only transverse double 
points. If c is a double point of Ilc{L) then we write n^^(c) fl L = {c~^,c~}, where 
z{c'^) > z{c~). (Since the Reeb field of the standard contact form dz — ydx is 9^, there 
exists a 1-1 correspondence between double points of Iiic{L) and Reeb chords on L and 
we will use these two notions interchangeably.) 

Let Dm+k be the unit disk D in the complex plane C with punctures Xi, . . . , x^, Ui, ■ ■ ■ ,yk 
on the boundary and let J be an almost complex structure on T*M which is tamed by 
the standard symplectic form u = dx A dy on T*M. 
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Definition 2.1. A J-holomorphic disk with positive punctures pi, . . . ,Pm O'nd negative 
punctures qi,...,qk and with boundary on L, is a map u: -Dm+fe T*M with the 
following properties. 

• dju = du + Joduoi = ( where i is the complex structure on the complex 
plane). 

• The restriction u\dDm+k has a continuous lift u: dDm+k ^ L G J^{M). 

• \im.c_^xjU{C,) = pj and lim^^2;^-|- 'u(^) = p^, where lim^^a;^._|_ means that ( ap- 
proaches Xj from the region in dDm+k in the positive direction as seen from xj 
and lim^^2.^_ means it approaches Xj from the region in the negative direction. 

• lim^->y^ u{C) = Qj and lim^^j^^.± u{() = qj . 

In this paper we will restrict attention to holomorphic disks with exactly one positive 
puncture. The moduli space of holomorphic disks with boundary on L has certain 
compactness properties: a version of Gromov's compactness theorem holds, see [21 [5l 
[S]. Since the linearized 9j-operator is elliptic and since the double points of Iic{L) 
are transverse, the linearization of the equation which defines the moduli space of 
J-holomorphic disks is a Fredholm operator and its index determines the expected 
dimension of the moduli space. Details of the computation of the Fredholm index can 
be found in [5], |8]. Here we simply state the result. Pick for each Reeb chord c of L 
a capping path 7c in L connecting c"*" to c~ . Define Fc to be the path of Lagrangian 
subspaces lic^T^a^) closed up by a positive rotation. Define 

|c| = /i(Fj - 1, 

where /i is the Maslov index. Given any boundary condition of a holomorphic disk with 
positive puncture at a and negative punctures at 6i, . . . , 6^ we can close it up to a loop 
by adding appropriately oriented capping paths at the Reeb chords. Let A G Hi{L; Z) 
denote the homology class of the closed up loop and let A^^(a; 6i, . . . , 6^) denote the 
moduli space of holomorphic disks with positive puncture a, negative punctures at 
bi, . . . ,bk, and boundary condition inducing the homology class A. Then 

k 

dim[MA{a; 6i, . . . , bk)) = W\-^ \bk\ + /^(r^) - 1, 

i=i 

where Ta is the path of Lagrangian subspaces along a loop in L representing A. 

2.2. Legendrian contact homology. Let L C J^(M) be a Legendrian submanifold. 
The DGA A{L) of L is the free algebra over the Z2-group ring of Hi{L; Z) generated 
by the Reeb chords of L, 

A{L) = Z2[HimZ)]{ci,...,Cm). 

The differential d: A{L) —>■ A{L) counts rigid holomorphic disks. It is defined to be 
linear over the algebra coefficients and to satisfy Leibniz rule and is thus determined 
by its action on generators. If a is a generator then 

da= ^ \MA{a;bi,...,bk)\Abi...bk, 

dim{MA{a'M,...,bi^))=0 
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where \M \ denotes the modulo 2 number of points in the compact 0- manifold Ai. For 
this definition to make sense we require that L is generic with respect to holomorphic 
disks so that all moduli spaces of holomorphic disks of dimension < 1 are transversely 
cut out. It is shown in [5l [7j how to achieve such transversality by perturbing L. In 
these papers it is also shown that d: A{L) — > A{L) is a differential (i.e., = 0) and 
that the contact homology ker(9)/Im(9) is invariant under Legendrian isotopies. 

Remark 2.2. In the case that L is a spin manifold and M is orientable one can lift 
the DGA over Z2[-ffi(L; Z)] described above to a DGA over Z[Hi{L; Z)]. In this paper 
we will, as mentioned in Section [H concentrate on the Z2-case. This is mainly for 
simplicity, the results of the paper have straightforward generalizations to the more 
general setting of Z-coefficients. 

2.3. Flow trees. We refer to ^ for the detailed definitions of flow trees and only 
sketch the main points here. Let L C J^(M) be a Legendrian submanifold. Locally 
around points outside a codimension one subset of M, the image of L under the front 
projection Up'- J^{M) J^{M) = M x R, can be described as the graph of a finite 
number of functions. If M is equipped with a Riemannian metric then these local 
functions define local gradients. We say that a curve 7(t) in M is a flow line of L if it 
satisfies the differential equation 

7W = -V(/i-/2)(7(t)), 

where /i and /2 are local functions of L. Any flow line has a natural 1-jet lift, which 
consists of two curves in L lying over 7. These curves are naturally oriented by the 
lifts of the vectors — V(/i — /2) and — V(/2 — /i) to the sheets corresponding to /i and 
/2, respectively. Projecting the 1-jet lift to the cotangent bundle we get the cotangent 
lift. 

Definition 2.3. A flow tree of L C J^{M) is a continuous map (j):T—^ M , where T 
is a source-tree which satisfies the following conditions. 

(a) If e is an edge of V then (j): e ^ M is an injective parametrization of a flow 
line of L. 

(b) Let V he a k-valent vertex with cyclically ordered adjacent edges ei, . . . , e^. Let 

be the cotangent lift corresponding to cj, 1 < j < k. We require that 
there exists a pairing of lift components such that for every 1 < j < k (with 
k + l = l) 

= = m e Uc{L) c T*M, 

and such that the flow orientation of (p'j at rfi is directed toward ffi if and only 
if the flow orientation of (pj^^^ at rh is directed away from rh. 

(c) The cotangent lifts of the edges ofT fit together to an oriented curve (f) in Ilic{L). 
We require that this curve is closed. 

For simpler notation we will often denote flow trees simply by F, suppressing the 
parametrization map from the notation. We will also write F and F for the cotangent 
and the 1-jet lifts of F, respectively. 
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We next define punctures of a flow tree T. Let f be a fc-valent vertex of T witli 
cyclically ordered edges ei, . . . , e^. Consider two paired cotangent lifts 0^ and and 

the corresponding 1-jet lifts (p'j and (f)^_^_i at v. If 7^ 4>]+i{v) then both must equal 
Reeb chord endpoints. If this is the case then we say that v contains a puncture after 
Cj. It is shown in [1] that any flow tree with a vertex v which contains more than one 
puncture is a union of flow trees such that every vertex of each one of them contains 
at most one puncture. Thus we may restrict attention to flow trees with at most one 
puncture at each vertex and we call such a vertex a puncture of the tree. 

Let p be a puncture of a flow tree. Let 0^ and 0^ be the 1-jet lifts which map to 
the Reeb chord at p, with notation chosen so that (p^ is oriented toward and 0^ 

oriented away from 02 (p)- Then we say that p is a positive puncture if 

z{^\p)) < z{4>\p)), 

and we say it is negative is the opposite inequality holds. (Recall, z is the coordinate 
in the M-direction of J^(M) = T*M x M.) Using the symplectic area of a flow tree it is 
not hard to show that every flow tree F in M has at least one positive puncture. If q 
is a puncture of a flow tree then q corresponds to some Reeb chord of L which in turn 
corresponds to a critical point of some local function difference of L. If L is generic 
then the Hessian at this critical point is non-degenerate. Let I{q) denote the index of 
the critical point of the positive function difference corresponding to the Reeb chord. 

As for holomorphic disks there is a simple dimension formula for flow trees which 
computes the expected dimension of the space of flow trees with 1-jet lift homotopic to 
that of the given tree. For trees with exactly one positive puncture this formula reads 

dim(F) = (lip) -1)- (^(^) - 1) + E '"(^) - 1' 

qeQ(r) rGi?(r) 

where p is the positive puncture of F, Q(T) its set of negative punctures, -R(F) its 
set of vertices which are not punctures, and fi{r) is the Maslov content of r, see [H 
Section 3.1.1]. Viewing the 1-jet lift as a boundary condition for a holomorphic disk 
the dimension formula just stated agrees with the dimension formula for holomorphic 
disks. In fact for rigid disks and trees more is true as the following theorem shows. 
(See in Theorem 1.1] for a more general version.) 

Theorem 2.4. If L G J^{M) is a Legendrian submanifold of dimension < 2 then 
there is a generic complex structure J on T*M such that there is a 1-1 correspondence 
between rigid J -holomorphic disks with boundary on L and rigid flow trees determined 
byL. 

This theorem has the consequence that one may replace holomorphic disks in the 
deflnition of Legendrian contact homology differential with flow trees. We will often 
do so below. 

We will sometimes talk about convergence of flow trees. When doing so we employ 
the following topology on the space of flow trees. Let F be a flow tree with one positive 
puncture Pq. Orient F by declaring any edge starting at po to be oriented away from pq 
and by requiring that at each vertex different from po there is exactly one edge oriented 
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toward it. We will associate a planar domain to F as follows. For each 1-valent 
vertex different from po and for each puncture different from pq pick a half infinite strip 
of width 1. For each vertex where such edges begin, pick a strip of width which equals 
the sum of the widths of the edges going out from it and of length agreeing with the 
natural flow length of the edge coming in to that vertex. Gluing the half strips to the 
strip, we obtain a half strip domain of finite width with slits toward +00. (Here we 
consider the half strip of a negative puncture at a vertex of valence > 2 as outgoing 
from that vertex.) Continuing inductively in this way we get a strip domain with slits 
toward +00 and where —00 corresponds to Pq. This domain Ap is determined up to 
over all translation of the slits. Thus the conformal structure on Ap thought of as a 
disk with boundary punctures is uniquely determined by F. 

Note that the cotangent lift of F is naturally defined as a map from the boundary 
9Ar to Ilc{L). Consider the bundle of mapping spaces of maps from the boundary of 
a punctured disk into Ilc{L) over the space of conformal structures on the disk with 
m punctures, endowed with the C°-topology. We topologize the space of flow trees by 
giving it the subspace topology with respect to this topology on the bundle of mapping 
spaces. 

3. Generalizations of Legendrian contact homology 

In this section, we generalize Legendrian contact homology slightly. The first gen- 
eralization concerns a special kind of non-closed Legendrian submanifolds which can 
be concatenated in a natural way, see Subsection 13.21 The second generalization, see 
Subsections 13.31 and 13. 4[ concerns stabilization of Legendrian submanifolds. It is more 
elaborate than the first and is inspired by Morse-Bott techniques for contact homology, 
see [I], as well as so called abstract perturbations, see [121 [ISl HI] • 

3.L Holomorphic disks and flow trees of 1-dimensionaI Legendrian subman- 
ifolds. Let L C J^(]R) be a Legendrian submanifold. Using the Riemann mapping 
theorem, moduli-spaces of holomorphic disks with boundary on L can be understood 
geometrically as follows. The Reeb chords of the diagram correspond to double point 
of the Lagrangian projection He'- J^(M) T*]R ^ C and a holomorphic disk to an 
ordinary holomorphic disk with boundary on the knot diagram and such that at the 
positive puncture the incoming strand of the disk is upper and at a negative puncture 
the incoming strand is lower. 

Lemma 3.1. Let T denote the space of flow trees with one positive puncture determined 
by L, let M. denote the moduli space of all holomorphic disks with one positive puncture 
determined by L and let A4' C A4 denote the subspace of all disks without interior 
branch points. Then the spaces T and M.' are homeomorphic and the subset Ai' C Ai 
is closed and has a natural compactification consisting of broken disks from Ai' . 

Proof. Let F be a tree. Joining corresponding points on the cotangent lift of F by 
straight lines in the fibers of T*M, we obtain a map of a disk with branch points on the 
boundary. By the Riemann mapping theorem it admits a holomorphic parametrization. 
Conversely, any holomorphic disk without interior branch points gives flow lines joined 
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at branch points. That is, a flow tree with higher valence vertices corresponding to 
branch points. Thus there is a natural bijection between T and M. as sets. We then 
need only show that the map ^ JF is continuous and open. This however is 
straightforward: a holomorphic disk is determined by the location of its branch points, 
varying these give an open subset in the space of trees. Finally, it is clear that the 
subset of the compactified moduli space of holomorphic disks which consists of (broken) 
disks without interior branch points is closed. Being a closed subset of a compact space 
it is compact as well. □ 

Corollary 3.2. The space of flow trees is a manifold with boundary with corners. In 
particular, the boundary of a component of the space of trees consists of broken trees. 

Proof. This holds for the compactified moduli space of holomorphic disks. The corollary 
thus follows from Lemma 13. 1[ □ 

Remark 3.3. In order to see the relation between Ai and Ai', note that any disk with 
a interior branch points can be connected to a disk of the same dimension with all its 
branch points on the boundary by pushing the branch points. For example, a second 
order branch point which is pushed to the boundary becomes a third order boundary 
branch point which splits into two ordinary boundary branch points. A local model can 
be obtained as follows. Consider the map f{z) = with domain Vt bounded by the 
curve {2xy = —e, x > 0}, e > 0, and containing the coordinate axes. Note that / maps 
dfl to the line y = —e and that it has a branch point at 0. To see what happens as the 
branch point approaches the boundary we let e — > 0. In the limit / becomes a map 
/o from the complement of the open fourth quadrant of the complex plane. Consider 
the map z{w) = w^^"^, taking the upper half plane to the domain of /q. Then the map 
fo{z{w)) looks like w ^ near the origin and the 2-parameter family continues as 
w 6i + wiw"^ - 82) for 5i, (^2 e M, 82 > 0. 

3.2. Legendrian submanifolds with standard ends. Let L C J^(]R") be a Leg- 
endrian submanifold parametrized by 7(p) = {x{p),y{p), z{p)) G J^{W'). For k > 0, 
consider the Legendrian submanifold L[k,,t] C J^(M"^^) parametrized by 

7[«:,r](p,t) = (t,x{p),2K{t-T)z{p),K{l + {t-Tf)-y{p),K{l + it-Tf)-z{p)y 

Note that the Reeb chords of L[k, t] correspond to the Reeb chords of L, lying in the 
slice xq = T. 

Let M be an (n + l)-manifold with boundary dM = L_UL+. Let /: M ^ J\W+'^) 
be a Legendrian embedding such that |a;o o / | < 1, such that |a;o o / | < 1 in the interior 
of M, and such that / agrees with 7+[k, +1] : x (— e, 0] in some collar neighborhood 
L_|_ X (— e, 0] of L+, and such that it agrees with 7_[fi;, —1] : L_ x [0, e) in some collar 
neighborhood L_ x [0, e) of L_|_, where 7± are some Legendrian embeddings of L±. We 
say that /(M) is a Legendrian embedding with standard ends. 

If /: M ^ J^(]R"+^) is a Legendrian embedding with standard ends, then we can 
construct a Legendrian embedding F of a non-compact manifold M obtained by adding 
7+(L_|_ X [0, 00)) and 'J-{L_ x (—00, 0]) to F. Note that the Reeb chords of F are exactly 
those of /. Moreover we have the following. 
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Lemma 3.4. Any holomorphic disk of finite area with boundary on F{M) lies in the 
region |a;o| < 1 and the space of holomorphic disks is Gromov compact. Moreover any 
holomorphic disk with its positive puncture at Xq = ±1 lies entirely in this slice. 

Proof. As in [7j, projection to the {xq + iyQ)-\me in combination with the maximum 
principle estabhshes the first and third statements. The second then follows from the 
standard proof of Gromov compactness, see e.g. f5|. □ 

We have the corresponding statement for flow trees. 

Lemma 3.5. Any flow tree of F{M) of finite symplectic area is contained in the region 
|xo| < 1 and any flow tree with its positive puncture at Xq = ±1 stays entirely in 
this slice. Moreover, there is a 1 — 1 correspondence between on the one hand rigid 
holomorphic disks with boundary on F{M), and on the other rigid flow trees determined 
by F{M) and rigid flow trees of L± in slices. 

Proof. The statements about flow trees follows from the fact that all gradient differences 
in the slices xq = ±1 have trivial xo-component. The second statement follows from 
a slight modification of the proof of [H Theorem 1.1], which consists of two parts: 
convergence of holomorphic disks to flow trees and construction of holomorphic disks 
near rigid flow trees. The convergence part of the proof holds without change in this 
more general setting. The construction part can be subdivided into two parts: for trees 
not in the slices Xq = ±1 the proof from |i4j applies. For trees in slices Xq = ±1 we 
apply the proof from [1] to L± thought of as lying in the slice. □ 

Lemma 13.41 implies that the contact homology of F{M) is well defined. (Here we 
restrict attention to Legendrian isotopies in the class of Legendrian submanifolds with 
standard ends). Lemma [3.51 implies that we can compute it using flow trees instead 
of holomorphic disks. We then define the contact homology of /: M J^(M"+^) to 
equal the contact homology of F: M — > J^(]R"+^). 

Remark 3.6. If fj: Mj J^(M"+^) is a Legendrian submanifold with standard ends 
and if one of the ends of (/o, Mq) agrees with an end of (/i. Mi) then the two Legendrian 
embeddings can be joined to a Legendrian embedding /oi of the manifold Mqi obtained 
by joining Mq and Mi along their common boundary. The contact homology differential 
of the join is determined in a straightforward way by the contact homology differentials 
of its pieces. 

3.3. Generalized flow trees. In this subsection we introduce the notion of gener- 
alized flow trees for the product of a given Legendrian submanifold L C J^(M) and 
a manifold with boundary equipped with a Morse function. In the present paper we 
will apply this construction only in the case when the auxiliary manifold factor is an 
interval or a 2-disk. 

Let be a manifold with boundary c^A^. We will use Morse functions (3: A^ ^ M of 
the following form. The restriction jSg = (3\dN is a Morse function on c^A^ and there 
is a collar neighborhood dN x [0, e) of ON in A^ where l3{x,t) = (3q{x) + H^, where 
(x,t) G dN X [0, e) and where /c > is a constant. We call a Morse function of this 
type boundary adjusted. 
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Consider the Legendrian submanifold L x N G J^{M. x N). The Reeb chords of 
this Legendrian submanifold come in A^-famihes, one for each Reeb chord of L. We 
denote the manifold of Reeb chords corresponding to the Reeb chord c by N^. Choose 
a boundary adjusted Morse function f3c'- Nc ^ M. for each Reeb chord manifold Nc. 
Endow with a Riemannian metric g which has the following form in the collar 
neighborhood of the boundary 

(3.1) g{x,t) = gsix) + df, 

for (x, t) G dN X [0, e), where gg is a Riemannian metric on dN. 

A flow line 7 in a Reeb chord manifold Nc is an oriented segment which can be 
parametrized in an orientation preserving manner by a solution to the gradient equation 

q = -V/5,(g), q G N, 

where the gradient is defined using the Riemannian metric g of (13. ip . Note that a 
gradient line which starts in dNc stays in dNc and that a gradient line which starts in 
Nc — dNc can hit dNc only at a critical point in the boundary. 

In order to define the notion of a generalized tree we first introduce some preliminary 
concepts. If F is a flow tree of L and if go ^ then we let Tg^ denote this flow tree 
considered as a flow tree of L x N and lying in the slice {(g, x) G A^ x R: g = go}. We 
call a slice tree. A level is a finite collection = {F^^, . . . , F^^} of (unbroken) slice 
trees. A connector is a finite collection of flow lines 6 = {71, . . . ,7^} in Reeb chord 
manifolds, where we allow also flow lines of length 0. 

A generalized flow tree with k levels is an ordered collection (G^, . . . , Q^) of levels 
together with an ordered collection [6^, . . . , 9^) of connectors which have the following 
properties. 

• The connector 6*° consists of exactly one flow line in Na emanating at a critical 
point p° G Na of (3a for some Reeb chord a and ending at g° G A'q. If = 
then q^ is a critical point of (3^ as well, if > then go is not a critical point. 
Let = g°. 

• The level 9^ consists of exactly one slice tree Fpi with positive puncture at a. 

• Let ? > and let {V^'^)j, . . . , (F-'''") 1 denote the shce trees in the f"^ level G-' 

V\ Pr 

and let c^'"*, . . . , c!^^ denote the Reeb chords at the negative punctures of F-''*, 
s = 1, . . . ,r. Then 6^ consists of flow lines emanating from those G N ],s, 

s = 1, . . . ,r;t = 1, . . . ,ms which are not critical points of di.s . Let g-?, . . . , g/ 

be the endpoints of the flow lines 7^ , . . . , 7/ in 6^ which are not critical points. 
Letp^,+^ = g^', s = 1,...,/. 

• For < j < k, Q^~^^ consists of slice trees (T^~^^'^)pj+i, . . . , (T^~^^'^)^]+i such that 

the positive puncture of F-'"'"^''* is at the Reeb chord a^~^^ where 7^ C N^j+i, 
s = l,...,l. 

• Let g G A'c be a point where some flow line 7 in a connector 6^, s = 0,1, . . . , k 
ends. Then if there is no level tree Fg in B^"^^ with positive puncture matching 
the Reeb chord c then g is a critical point of jSc- 
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If G is a generalized flow tree as just described then we say that G has positive 
puncture at the critical point of G Na of j3a and negative punctures at all negative 
punctures of slice trees in O-' where no flow line in 9^ begins (these are critical points 
6* G Nh^) and at the critical points 6* G A*";,^ where some flow lines in some 0\ 1 < I < k, 
ends. Any generalized flow tree has natural 1-jet and cotangent lifts. Adding suitably 
oriented capping paths at the punctures to the projection of the 1-jet lift of G to J^(M) 
we get a homology class A G Hi{L; Z). We write GAia-'', MS • • • b^;^) for the space of 
such generalized trees. 

As for flow trees we associate a planar domain and a map of its boundary into T*R^ 
to any generalized flow tree. Using the map from the boundary of the planar domain 
we may endow the set of generalized flow trees with a topology. It is a straightforward 
consequence of the compactness properties of flow trees, see Lemma 13.21 that also 
the space of generalized flow trees has a natural compactification consisting of broken 
generalized flow trees. We denote the space of generalized flow trees by Q and its 
compactification Q. 

3.4. Perturbed generalized flow trees. Let L C J^(M) be a Legendrian subman- 
ifold and let A^ be a manifold with boundary. As in Subsection 13.31 we consider the 
Legendrian submanifold L x N G J^{M.x N) and we equip A^ with a Riemannian met- 
ric and each Reeb chord manifold Nc, c G TZiL), with a Morse function f3c satisfying 
conditions as stated there. Let Ai denote the moduli space of flow trees on L and fix 
a function v: Ai x N C'^(5'^,TA^) with the following properties. 

• f (r, n) G TnN and f (F, n) is tangent to dN for n G dN. 

• By scaling lengths, we think of the source of v{r,n) as the cotangent lift T 
of r (with resolved self intersections). We require v to be constant in neigh- 
borhoods of the punctures of f and equal to zero near the positive puncture. 
Consider a broken tree F containing a broken tree F". Let F' denote the broken 
tree obtained by removing F" from F and assume that F" is attached to F' at a 
point y in its cotangent lift. Then we require that for x G F" the following join 
equation holds 

(3.2) viT,n){x) = viT',n){y) + viT",n){x). 

We call a function v: M x N C^{S^ ,TN) with these properties a perturbation 
function. 

The definition of a perturbed flow tree is analogous to that of a generalized flow 
tree. Fix a perturbation function v. If F is a flow tree of L and if g G A^ then recall 
that Tg was used to denote the slice tree corresponding to F. Think F^ as a map 
Tg = {T^, q): ^Rx N where is the cotangent lift of F and the map (F*(t), q) 
equals the natural map into T*M x T*N followed by projection to M x A^. We let Tg 
denote the following map ^ x N 

tg{t) = {T^{t),expg{v{T,q){t))), 

where exp denotes the exponential map in a Riemannian metric of the form given in 
(13. ip . We call F^ a perturbed slice tree and if a; is a negative puncture of F then we write 
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e{q,x) = expg(f (r, A perturbed level is a finite collection 6 = {r^i, . . . , Fg^} 

of (unbroken) perturbed slice trees. A connector is a finite collection of fiow lines 
6 = {71, . . . , 7jfc} in Reeb chord manifolds, where we allow also fiow lines of length 0. 

A perturbed flow tree with k levels is an ordered collection (0^, . . . , Q'') of levels 
together with an ordered collection (^°, . . . , ^'^) of connectors which have the following 
properties. 

• The connector consists of exactly one fiow line in Na emanating at a critical 
point p° G Na of (3a for some a G T^iL) and ending at g° G A^^^. If k = then 
g° is a critical point of Pa as well, if /c > then qo is not a critical point. Let 

• The level consists of exactly one shce tree Fpi with positive puncture at a. 

• Let j > and let (f^''^)pi, ■ ■ ■ , (f^'Opj denote the shce trees in the level 0^ 

and let cj'*, . . . , c^*^ denote the Reeb chords at the negative punctures of T^'^, s — 
1, . . . , r. Then 9^ consists of fiow lines emanating from those e{pi, x) G A^j.s, s = 
1, . . . ,r;t = 1, . . . ,ms, where x denotes the negative puncture corresponding to 
the Reeb chord c^''^ which are not critical points of /3^^,s . Let qi,. ■ ■ ,qj be the 

endpoints of the flow lines 7^, ... ,7/ in 9^ which are not critical points. Let 
Pi+'^qi,s^l,...,l. 

• For < j <k, ©•'+^ consists of perturbed shce trees (f-''*"^'^)pj+i, • • • , 

such that the positive puncture of F''+^'* is at the Reeb chord a^"*"^ where 7^ C 

N^r,i,S = l,...,l. 

• Let g G Ac be a point where some fiow line 7 in a connector 6''^, s = 0,l,...,A; 
ends. If there is no perturbed level tree F^ in ©*+^ with positive puncture 
matching the Reeb chord c then g is a critical point of /3c- 

In analogy with generalized fiow trees, we use the notion Gp-Aid''', , ■ ■ ■ Hn) de- 
note the space of perturbed trees with specified punctures and boundary data as well 
as the notions Q-^ for the space of all perturbed fiow trees and for its natural com- 
pactiflcation consisting of several level trees. 

Given a perturbation function and Morse functions on all Reeb chord manifolds we 
associate a contact homology algebra with a differential to the Legendrian submanifold 
L X N. The algebra A{L x A^) is the free Z2[-ffi(L; Z)]-algebra generated by critical 
points of the Morse functions /3c, for Reeb chords c and the differential dp-. A ^ A 
counts rigid perturbed flow trees. More precisely it satisfles Leibniz rule and is deflned 
as follows on generators, 

^p^^ X] \gp;A{a,bi,...,bk)\Abi...bk. 

dim(5p;A(a;6i,...,6fc))=0 

Lemma 3.7. For generic sufficiently small perturbations and Morse functions /3c, the 
moduli space of perturbed flow trees of formal dimension < 1 are transversely cut out. 
Consequently, dp is a differential i.e. = 0. 

Proof. The transversality properties follows from standard applications of the finite 
dimensional jet-transversality theorem. Furthermore it is clear that, for small enough 
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perturbation function, any sequence of perturbed rigid trees converges to a possibly 
broken perturbed rigid tree. The statement on the differential then follows from the 
usual gluing argument, which is technically very easy in this case since we need only 
glue Morse flow lines. (The perturbation function has to be sufficiently small so that 
for any (F, n) E AixN, f (F, n) is smaller than the injectivity radius of the Riemannian 
metric.) □ 

We next concentrate on the case important for our applications. Let N = I = [—1,1] 
and consider L x I equipped with two different perturbation functions and and 
with two different sets of Morse functions and {(3^} where c ranges over all Reeb 
chords. These data determines two different differentials Oq and di on A{L x J). 
We show next that the resulting DGAs are tame isomorphic. We restrict the Morse 
functions so that they have minima at ± 1 and exactly one interior maximum. We then 
write the algebra generators as {c, c[— 1], c[+l]}, where c denotes the maximum in Ic, 
c[±l] the minima at ±1 G Nc, and where c ranges over all Reeb chords. 

In order to see how the differentials do and di are related, we chose a generic path 
(f"*, < s < 1 of perturbations and Morse functions connecting the two sets of 

given data, where we restrict the Morse functions to be of the form described above. 
With such a path chosen we get, for each s a moduli spaces of perturbed trees of 
Lx I. 

Lemma 3.8. For a generic path there exists no perturbed flow trees in of formal 
dimension < —2 and there exists finitely many instances where there are perturbed flow 
trees of formal dimension —1 and at such an instance there is exactly one perturbed 
flow tree of dimension —1 which is transversely cut out in the sense of 1-parameter 
families. 

Proof. This follows since the slice trees are transversely cut out and hence the only 
degeneration possible is when some incidence equation (involving the perturbation 
function and stable/unstable manifolds of the Morse functions) has non-transverse 
solutions. □ 

Thus, for s which is not a (— l)-tree instance, we get an induced differential dg on 
A{L X I) by counting rigid perturbed trees. 

Remark 3.9. We note that the appearance of a (— l)-tree as in Lemma ESI implies that 
many of the perturbed flow trees of formal dimension are in fact appearing in higher 
dimensional families. These are obtained from rigid flow trees with some negative 
punctures at the positive puncture of the (— l)-disk by gluing. One way to relate the 
differentials is to study the details of how such families split as the deformation variable 
changes. Below we will however use a less explicit but technically simpler method. 

To show that the DGAs {A{L x I), do) and {A{L x I),di) are tame isomorphic, we 
use a stabilization argument which is very close to the argument given in [3, Section 
4.3]. Consider first the 1-parameter family of moduli spaces and let ^p(O) denote 
the part of which consist of all perturbed trees of formal dimension 0. If s varies in 
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Figure 1. The Morse flow on the disk. Flow lines connecting c to c[o"] 
and c[cr], as well as c[a] to c[a\ are indicated. 

a interval [sq, Si] which does not contain any (— l)-tree instance then the 1-manifold 

gives a cobordism between ^p°(0) and ^p^(O) and consequently ds^ = dg^. 

To show that do and di are tame isomorphic it is thus sufficient to show that the 
DGAs on both sides of a (— l)-disk instance are tame isomorphic. We consider the 
product L X D where D is a 2-disk. Think of the boundary of this disk as consisting 
of Iq and Ji. Let (3^ and jS^ denote the Morse functions on the Reeb chord manifolds 
on the two sides of the (— l)-disk moment. Choose the Morse functions /3c: -D ^ M 
as extensions of these functions with exactly one maximum and with Morse flows as 
shown in Figure [H 

Let furthermore the extension of the perturbation to the disk be that of the generic 
family, let A = A{L x D), and let A denote the corresponding differential. Write c for 
the maximum Reeb chords, c[0] and c[l] for the saddle Reeb chords and c[0] and c[l] 
for the minimum Reeb chords. Let Q: ^ ^ ^ be the algebra morphism which takes c 
to 0, c[a] to c and c[a] to c. 

Lemma 3.10. The differential A satisfies 

(3.3) Ac[a] = {^^c)[a] = {doc)[a], a = 0,1, 

Ac[a] = {d„c)[a], a = 0,1, 

Ac = c[0] + c[l] + e + 0(l), 

where fie = ma, where a is the word of negative punctures of the {—l)-disk multiplied 
by the homology class of its boundary condition, where m G 1^2, one? where 0(1) denotes 
words which contain at least one c-variable. 

Proof. The flrst two equations follow from the nature of the metric and the Morse 
function near the boundary. The second property follows from a limiting argument 
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where we let the disk hmit to the middle family containing the (— l)-disk. Any rigid 
disk must limit to a disk of formal dimension 0. All such disks which are not the 
(— l)-disk have at least one negative puncture at a c variable. □ 

Corollary 3.11. There exists a tame isomorphism between the algebras {A, do) and 

Proof. This follows from the fact that = in combination with 03.31] . The details 
of the proof are found in P, Lemma 4.21]. □ 



4. Geometric perturbations of the trace of the constant isotopy 

In this section we study the contact homology of Legendrian submanifolds which are 
traces of constant isotopies. We show that the contact homology differential can be 
expressed in terms of perturbed flow trees in this case. 

4.1. Structure of the perturbation. Let L C J^(M) be a Legendrian submanifold 
with Reeb chords ci, . . . , Cm and let L x / c J^(M^) denote the trace of the constant 
isotopy starting and ending at L. For convenient notation we take I = [—1, 1] and 
we think of L x / c L x M. Note that the Reeb chords of L x M form 1-dimensional 
manifolds ~ [—1,1], one for each Reeb chord of L. We will denote these manifolds 
Mc C T*M^ where c G {ci, . . . ,Cm} is the corresponding Reeb chord of L and we 
will sometimes think of these manifolds as submanifolds of J°(]R^). Furthermore we 
will write and M~ for the corresponding submanifolds of L x / of Reeb chord 
endpoints. In order to define the Legendrian contact homology of L x / we use any 
small perturbation which turns L x I into a Legendrian submanifold with standard 
ends and employ the definition from Subsection 13.21 

To get a more detailed understanding of the contact homology of L x / we will choose 
very specific perturbations. More precisely, we will design perturbations in four steps 
as follows. 

(1) Make the ends of L x / standard. 

(2) Make |a;o| non-increasing along any flow line of a positive function difference of 
L X I and decreasing outside a neighborhood of the Reeb chord manifolds and 
outside a neighborhood of {xq = 0}. 

(3) Make the Reeb chords isolated in such a way that there are three Reeb chords 
of L X I corresponding to each Reeb chord manifold, one at xq = ±1 and one 
near xq = 0. 

(4) Make L x I generic with respect to rigid flow trees. 

The goal of this perturbation process is to obtain a description of the rigid trees needed 
to compute the contact homology of L x / in terms of perturbed flow trees of L x I. 

Steps (1) - (3) are straightforward to describe and are the subject of Subsection 14.21 
Step (4) is more involved. It uses generalized flow trees, introduced in Subsection 13. 3^ 
and will be completed in Subsection 14. 4[ 
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4.2. Standard ends and isolated Reeb chords. Consider Step (1). Let L C J^(M) 
be given by 

a(Q) = {xi{q),yi{q),z{q)), q e L. 

In coordinates {xo,yo,xi,yi, z) on J^(]R^) = T*]R^ x M, the unperturbed trace of the 
constant isotopy is then given by 

A{q,t) = {t,0,xi{q),yi{q),z{q)), {q,t) eLxI. 

Fix a smooth even function ip: [—1, 1] ^ M with the following properties: ipiO) = 1, 
ijj and all its derivatives vanishes in [0, ip is decreasing on [|, 1], and ip has a non- 
degenerate minimum at 1, ^/'(l) = |. Let ip denote the derivative of ip- For ^ > 0, 
define the Legendrian embedding A^^ : L x I ^ J^(R^) by 

(4.1) A^^\q,t) = {t,7]ij{t)z{q),xM.vmyi{q).vm<q))- 

The Reeb chords of A\I'\l x /) are of two types: isolated Reeb chords in {xq = ±1} at 
the locations of the Reeb chords of L, and non-isolated Reeb chords along the manifolds 
M, = M,n {|xo| < |}. 

Consider Step (2). Fix a function cj): [—1, 1] (— oo,0], with the following proper- 
ties: (j) is even, 0(0) = 0, is decreasing on (0, |), and all its derivatives vanish at 
1]. Consider a neighborhood N[Mf) of a Reeb chord endpoint manifold which, 
under E: J^(]R^) — » maps to the product n(Mc)xi^', where K = {xi: a;i(c)| < 
6}, where Xi{c) is the xi-coordinate of the Reeb chord c, for some small 6 > 0. Consider 
a cut-off function ^k'-K-^ [0, 1] which equals on \xi — xi(c)| < |(5 and equals 1 on 
|5 < |si — xi(c)| < 6. Let ^: Mc X — > [0, 1] denote the function with i\{p} x K = 

for every p. Consider the pull-back of ^ to N{Mc) and note that it extends constantly 
to all of L X J. Denote the extension ^. Write 

AW{q,t) = {t,y^,{q,t),xUq,t),yUq,t),z^{q,t)), 

where A^\q,t) is as in (14. ip . The function depends only on the a;o-coordinate and 
the function C, only on the Xi coordinate. Denote their respective derivatives by and 
^. Define the Legendrian embedding aI^'' : L x I ^ J^(R^) by 

(4.2) Aif\q, t) = (t, (1 + v^<P)y^o + V^^, A. (1 + ^i<\>)yl + ^^0, (1 + r/^^)^'^). 

If 7 is a flow line of a Legendrian submanifold H C J^(M) write 7"'" and 7" for the 
1-jet lift of 7 with the larger- and smaller 2;-coordinate, respectively. 

Lemma 4.1. Let rj > and let p be a point on a flow line 'j of a positive function 
difference of Al) [Lx I). Assume that p does not lie in {xq = 0} and that not both 7"'" 
and 7~ lie in the region where = 0. Then \xq\ is decreasing along 7 at p. 



Proof. This follows from the choice of together with the fact that the a;o-component 
of is everywhere 0. □ 
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Consider Step (3). In order to make Reeb chords of L x / isolated we fix functions 
Pc '■ Mc (—00, 0] for each Reeb chord c of L. Consider Mc = [—1, 1] after projection to 
the XQ-hne. Choose jSc so that it has non-degenerate minima at ±1, a non-degenerate 
maximum with value close to xi = 0, and no other critical points. We assume 
moreover that the xo-coordinates of the maxima of (3c and (3c' are different if c 7^ c'. 
Furthermore let ^ be a function just hke ^ discussed above but replacing 6 by ^ and 
let a = 1 — ^. We pull back the functions Pc to neighborhoods N[Mf) of the form 
describe above. Cutting these pull backs off with a, we find that the function a Y2cf^c 
extends in an obvious way to all of L x /. We denote the extension a(3. Similarly, the 
functions a(3 = O-Ylicl^c and a(3 = aJ2cf^c may be considered as functions on all of 
L X I. Write 

= {t,y^,{q,t),xl{q,t),y',{q,t),z^{q,t)), 
where A^^\q,t) is as in 1^. Define A^^^ : L x I ^ J^R"^) by 

(g, t) = (t, (1 + v'(yP)y^o + v'c^P, (1 + v'(yP)y'l + v'<yP, (i + v'c^P^'') ■ 

(3) 

Then Arj {q,t) has isolated Reeb chords as claimed in (3) above. 

4.3. Rough and fine scales — limits on the rough scale. As mentioned, we will 
consider the details of Step (4), where we introduce our final perturbation of L x J 
resulting in a Legendrian embedding aI^^ : L x I ^ J^(]R^), in Subsection 14. 4[ In this 
subsection we will use rough properties of the perturbation of A^f^ in order to derive 
rough results. More precisely, the property we use is the following. 

• A^^ is a perturbation of A^'^ of size 0(?7^) which is supported in the region 
outside the fixed neighborhoods of the Reeb chord manifolds. 

In order to describe rigid fiow trees of A^\l x /), we consider convergence of such trees 
on two scales. On the rougher scale the important part of any fiow trees concentrates 
in Xo-slices. This is fairly independent of the details of the perturbations in Step (4). 
However, around such a slice of concentration we then re-scale the Xg-coordinate by 
rj'^ and study the corresponding microscopic limit as well. It is on this fine scale that 
the details of the perturbation in Step (4) manifest themselves. 

Lemma 4.2. Let 7^, t] ^ be a sequence of flow lines of Aif\L x I). Then, as 77 0, 
some subsequence of'y.ri converges to a broken flow line on Lx I consisting of flow lines 
of L in horizontal slices and vertical flow lines of (3c along Mc- 

Proof. Outside a neighborhood of Mc the fiow lines of Alf'\L x I) obviously converge 
to horizontal curves which are parallel copies of fiow lines of L. Inside a neighborhood 
of the manifolds Mc the fiow lines are as in a standard Morse-Bott situation, and any 
sequence of such fiow lines converges to a combination of vertical fiow lines of (3c and 
horizontal fiow lines. □ 

Lemma 14.21 gives the local convergence on the rough scale. The following lemma 
describes the rough limits of fiow trees of Alf\L x /) as 77 — > 0. 
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Lemma 4.3. Any sequence of flow trees, of Ar) {L x I) of uniformly bounded formal 
dimension and which are not contained in {xq = ±1}, has a subsequence that converges 
to a generalized flow tree on L x I. 

Proof. Note that any gradient difference along a cusp edge of aI^\l x I) is transverse 
to the cusp edge. In particular, the preliminary transversality condition is met, see [U 
Subsection 3.1]. It is a consequence of [H Lemma 3.12] and the preliminary transver- 
sality condition that the number of edges and vertices of trees in such a sequence is 
uniformly bounded. Hence by passing to a subsequence we may assume that the topo- 
logical type of the trees in the sequence remains constant. The lemma then follows by 
applying Lemma 14.21 to the edges of the trees in the sequence. □ 

As a first step toward the description of rigid flow trees of aI^\l x I) we rule out 
some generalized flow trees as limits of sequences of rigid trees. 

Lemma 4.4. Consider a sequence of rigid flow trees (with fixed punctures) of 
A^\l X I) which converges to a generalized flow tree G. Let T^, r = l,...,m be 
the slice trees of G and let n{G) denote the number of negative punctures of G (or of 
Vn) which lies at c & for some c. Then 

m 

(4.3) 5](dim(rn + l)-ri(G)=0. 

r=l 

Proof. It follows from the dimension formula for flow trees that the formal dimension 
of a flow tree close to G is given by the left hand side of (14.31) . □ 

Note in particular that if the Legendrian knot L is generic then dim(r[) > for all 
trees in (14.31) . 

4.4. Flow tree genericity. In this subsection we present the details of the construc- 
tion of A^'^ : L X I ^ J^(M^). The Legendrian submanifold A^\l x I) will be generic 
with respect to rigid flow trees for all sufficiently small r] > and its rigid flow trees 
will admit a description in terms of generalized flow trees with auxiliary data. In fact, 

(2) 

we will first perturb AJ, outside a neighborhood of the Reeb chord manifolds in such 
a way that aI^^ is obtained from the perturbed A^"* exactly as aI^'' was obtained from 
the original Al) in Subsection 14. 2[ 

To this end, we first describe the space of (partial) generalized trees near a slice 
tree. Let a, hi, ... , bk be Reeb chords of L and consider [r — 6,t + 6] C [—1, 1], where 
T = xo{b) for b = bj some j. Then by our choice of functions f3c'- Mc M, the gradient 
of f3c induces an orientation on Mc fl {|xo — t| < 6} for every c ^ b provided 5 > is 
sufficiently small. Consider the compactified moduli space of trees 

M = M{a; 6i,...,6fc) 

of L with positive puncture at a and negative punctures at bi, . . . ,bk. The interior 
of this space is a manifold of dimension d. (Local coordinates can be obtained by 
the location of the branch points on the boundary of the corresponding holomorphic 
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disks.) The boundary dAi of A4 consists of products of lower-dimensional moduli 
spaces corresponding to broken disks. If A^i x A^2 x ■ ■ • x J\4r is such a product 
then the positive puncture of A^i is a, the positive puncture of M.j agrees with a 
unique negative puncture of some Aik, ioi k < j , the negative punctures which are not 
matched by some positive puncture are bi, . . . ,bk, and the dimensions dj of A4j satisfy 



As with generalized flow trees it is convenient to organize such a product of moduli 
spaces into levels, where A^i is the first level and all moduli spaces with positive 
puncture paired with a negative puncture of A^i constitute the second level, and, in 
general, all moduli spaces with positive puncture paired with a negative puncture of 
a moduli space of level j constitute the (j + 1)*^ level. In this way is a naturally 
stratified space (a manifold with boundary with corners endowed with a Kuranishi 
structure, see [I2] for this notion). We will associate a (rf + l)-dimensional stratified 
space of (partial) generalized flow trees to Ai. We call this space V = V{a; 61, ... , bk). 
It is constructed from strata of Ai exactly as the space of generalized flow trees except 
that gradient lines need not be complete, as follows. Consider first the top-dimensional 
stratum. We associate to this stratum the space Vo which consists of trees Tt in 
Ai{a; 61, ... , bk) viewed as a tree in a shce, t G [t — 6,t + 6]. This is a (rf + 1)- 
dimensional space: d dimensions for the tree and one dimension for the slice. Consider 
next a stratum S with k levels Li, . . . , L^. We associate a. {d + l)-dimensional space 
Vs of partial generalized trees to this stratum as follows. First consider the tree in Li 
as a slice tree Ff . For each negative puncture of F^ which matches a positive puncture 
of some tree in pick an oriented flow segment of the corresponding Reeb chord 
manifold and let the tree in the second level have its positive puncture where this flow 
line ends and continue in this way until is reached. It follows from (14. 4p that the 
dimension of Vs equals {d + 1). Moreover, the spaces constructed fits together in an 
obvious way to a (rf + l)-dimensional space which is our space V. In a sense it is a 
resolution of ^A. 

Our next objective is to define an evaluation map 



where F labels a specific perturbation of the Legendrian Lxl. This map is constructed 
inductively. 

The starting point for the construction is the observation that it is easy to reconstruct 
actual flow trees of Alj (L x /), see Subsection 14.21 near flow trees in slices. More 
precisely, let F: L x / ^ J^(M^) be a deformation of L x /. We are only interested 
in small perturbations so let its size be 0(17) as r/ ^ 0. Assume further that the 
perturbation is supported in the complement of the Reeb chord manifolds Mc (just like 
for Ajj in Subsection 14. 2p . Outside the neighborhood of the Reeb chord manifolds, 
the xi-component of the gradient of any local function difference of L x J is bounded 



r 



(4.4) 




ev^: V{a;bi,...,bk) ^ Mh, x ■ ■ ■ x M^, 



<k 1 
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from below. It follows from this that the projection of any flow tree on F(L x I) for 
77 > sufficiently small, to a slice is a tree. 

Conversely, given a tree V in a slice, we can integrate it to a tree on F(L x /) for small 
77. The integration procedure is inductive and amounts to solving the gradient equation 
corresponding to the perturbation F along the edges of the tree. For the Xi-component 
of the edge this results simply in a re-parametrization and the xo-component becomes 
non-constant along the edge. To extend the integration over the entire tree wc start 
integrating along the edge (edges) emanating from the positive puncture of the tree 
with the initial condition given by the xo-coordinate of the shce of F' and follow the flow 
orientation. Inductively, the result of integrations along edges closer to the positive 
puncture in the tree give initial conditions for the integrations along outgoing edges at 
any vertex in the tree. If F' G A4{a; 61, ... , b^), if the punctures of F are Po,Pi, ■ ■ ■ ,Pk 
with po the positive puncture, and if F' is considered a tree in a slice with xo-coordinate 
a, then we write t{po,pj) G Mb. for the result of integration along F' at the negative 
puncture pj with initial condition given by the xo-coordinate at the positive puncture 
Po- 

Let F G V{a; 61, ... , bk) be a partial generalized flow tree with levels (Fj, . . . , F*^), 
j = 1, . . . , r. We deflne ev^(F) as follows. Apply the integration procedure to the top 
level r\, starting at the XQ-coordinate of its positive puncture in M^. This gives points 
l.{pI,p]) G for all the negative punctures p^ of F}. If a negative puncture p^ of r\ is 
also a negative puncture of F then define t'{p]) = t-{p]) G Mc^ to be the corresponding 
Mc -component of the evaluation map ev^. If a negative puncture pi of T\ is not a 
negative puncture of F then l{pI,pI) G M^.^. is the initial condition for the integration 
procedure of the second level tree attached at pi- Continuing inductively in this way 
over all the levels we get for each negative puncture pj of F, which is a negative puncture 
Qr of some level tree in F with positive puncture qq, a point i'ipj) = t(?o,?s) G Mb^. 
Define 

ev^(F) = (i'(pi), . . . , t'ipk)) eMb,x---xMb,. 

Let 6 be a Reeb chord, let r = Xo{b), and let po^Pi; ■ ■ ■ )Pfe denote the punctures of 
F G V{a; 61, ... , b^). Let J = {pj^, ■ ■ ■ ^Pj,} be a subset of the punctures of F. Consider 
the subvariety Hj^r C A4j x ■ ■ ■ x M^^, 

Ej^T- = {(ti, . . . , ^fe) : tj — T, for all j such that pj G J} . 

We show next that there are small perturbations F of A^"* such that ev^ is transverse 
to Sj^^ for all small rj > 0. We will write evj for the evaluation map ev^ composed 
with the projection to Up.^jMbj (i.e. to the product of the factors corresponding to 
punctures in J). 

We start with the following preliminary lemma concerning a general fact about flow 
trees with only one positive puncture. 

Lemma 4.5. Let F be a flow tree of a Legendrian submanifold L C J^{M) with only 
one positive puncture and let v be a vertex ofT. Then any sheet of L which contains 
some point v in the l-jet lift of v contains the l-jet lift of exactly two flow lines with 
endpoint at v. 
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Proof. We label a sheet by its corresponding local function. As mentioned above, each 
edge in a tree with one positive puncture is naturally oriented by using the negative 
gradient flow of the local function difference which is positive and with this convention 
exactly one edge at each vertex is oriented toward it (incoming flow line), all other 
away from it (outgoing flow lines). 

Assume that some sheet, /i say, contains lifts of more than two flow lines. As the 
1-jet lift is an oriented curve there must exist at least two lifts which are oriented 
away from v. By the definition of a flow tree there must exist matching edges oriented 
toward v and at most one of these can be a lift of the incoming edge. The remaining 
one must come from an outgoing edge which thus is a flow between /2 and /i where 
/2 > fi- Continuing this argument with the matching lift of the 1-jet lift segment in 
/2 etc, we find that the tree has at least two incoming edges at v since there are only 
finitely many sheets. This contradiction establishes the lemma. □ 

(2) 

Next we derive certain injectivity properties of flow trees of Ar, (L x I). 

Lemma 4.6. Assume that the set of points where two local gradient differences of L 
agree is discrete (this is obviously an open condition on L). Ifv is any vertex of a flow 

(2) 

tree T of Aij {L x I) with incoming edge e* and outgoing edges e°, . . . , then the self 
intersections of the 1-jet lift ofT near the 1-jet lift of v form a discrete set. 

Proof. Consider an arc in one of the sheets. It is a consequence of Lemma 14.51 that 
there is one incoming and one outgoing flow in this sheet. The genericity condition on 
L implies that the flows of the corresponding gradients intersect only at a discrete set 
of points. □ 

In order to establish the desired transversality, we will work with a re-scaled version 
of the map evj, 

s,[ev5] = l(ev5-(r,...,r)):P^Ml^l, 

where \J\ denotes the cardinality of J. Here we will take rj 0, and apply the Sard- 
Smale theorem. Let be the space of perturbations of L x / as described. (To get a 
hold of this space we can think of it as of the space of all functions on Lx I supported 
outside a neighborhood of the M^.) The evaluation map discussed above then gives a 
map 

evj: X P MfeX ■■ ■ xM,,, 
with a re-scaling Sr,[evj] analogous to that defined above. 

Lemma 4.7. The map s^[evj] is transverse to ^ R'"'' in a neighborhood of Aif^ for 
all sufficiently small ?7 > 0. 

Proof. Since transversality is an open condition we need only show that the differential 
is onto at any (F, F) G J^xV with s^[evj](r) = 0. Fix such (F, F). To prove surjectivity 
we show that dj -\- 0{ri) is in the image if the differential for each j, where dj is the 
tangent vector along the j^^ factor in the product (M^)^. 
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Consider the j'*^ puncture qj mapping to r G Affe. Assume for definiteness that 
r < 0. Start at and follow F in the direction opposite to the flow orientation. 
Then we meet a first edge e which leaves the region N{Mh) around Mf, where no 
perturbation is supported. Perturb this edge near the entrance point of N{Mb) by 
deforming the Legendrian submanifold. We claim that if the region N{Mb) is chosen 
small enough then the only negative puncture in F which appears after the edge e in 
the flow orientation and which map to r G Mf, is qj. To see this, we use the fact that 
the distance between any two negative punctures in a tree is uniformly bounded from 
below, see Lemma [STT] below, to conclude that to get to a negative puncture after qj, we 
must follow some edge which leaves N{Mh) and in such a region, integration along any 
edge induces a strict decrease the xo-coordinate. Thus, the xo-coordinate is smaller 
than T at any later puncture. 

Consider next punctures which appear after qj, maps to r G but lies on a 
lower level tree. For such punctures we can remove the corresponding components of 
dr which the already introduced perturbation gives rise to by varying the length of the 
attaching flow line. 

Finally we must deal with punctures connected to e only via vertices above e. (The 
perturbation could effect such a vertex.) Consider the vertices connected to e by an 
edge attached as close to e as possible. These vertices lie above the perturbation 
region in e. After Lemma 14.61 we know that F has injective points in this region 
and it is therefore easy to compensate for the shifts induced by earlier perturbations. 
Using an obvious induction we take care of all punctures in the tree above qj. (Note 
that all perturbations needed for these additional punctures appear off the main stem 
connecting qj to the positive puncture and at Xo-levels above that of e.) □ 

Corollary 4.8. For an open dense set of perturbations F of A\j , 

(evj)-i((r,.r.,r)), 

where evj : V{a; bi, . . . ,bk) — >■ M^x . T . xMi,, dim('P(a; 6i, . . . , bk)) = d+1 is a manifold 
of dimension d + 1 — r. 

Proof. This is a standard application of the Sard-Smale theorem. □ 

We next specialize to the situation of most importance to us. Consider a compactified 
moduli space Ai{a] bi, . . . , b^) of flow trees on L of dimension d and with at least m > d 
negative punctures mapping to b (i.e. bj = b for at least d indices j). Consider the 
corresponding space V = V{a; bi, . . . ,bk) and let J be a subset of the punctures of trees 
in V mapping to Mb of cardinality \J\ = d. Note that the map s,,[evj] : V — MI"^' is 
continuous on the space Sr)[P] obtained from V by re-scaling the lengths of all connector 

flow lines by r]~^. Moreover, it is clear that the closed subset {sr,[evj]) (0) C 
where F is of size 0(?7), is bounded. Hence it is compact. Thus, Corollary 14.81 implies 
that, for generic F, (evj) ^ (r, . . . , r) is empty if |J| > d+1 and is a compact 0- 
dimensional manifold if \J\ = d+1. Furthermore, any point in such a 0-dimensional 
manifold (eVj) ^ (r, . . . , r) corresponds to a point in the interior Ai = Ai{a;bi, . . . ,bk) 
of Ai = Ai{a] bi, . . . ,bk) for the following reason. Recall that the boundary of the d 
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dimensional Ai consist of products of the form 

Md^ X ■ ■ ■ X Md,, 
where J^dj is a moduh space of dimension dj > and where 

(ii H \- dr + {r - 1) = d. 

Thus if (evj) ^ (r, . . . , r) intersects dJ^ then there are subsets Ji, J = UiJi of negative 
punctures of trees in A4di for which evj (r, . . . , r) is non-empty. The genericity condi- 
tion then imphes that \Ji\ < di + 1. Then d — {r — 1) = di > | J/| — 1 = | J| — 1 
and d+1 > \J\ since r > 2. This however contradicts \J\ = d+1 and thus shows that 
all points lie in A4. 

Let po,pi, . . . ,pk denote the punctures of the generalized flow trees in P(a; 6i, . . . , 6^), 
where dim(7W(a; bi, . . . ,bk)) = d, let F he a generic perturbation, let J denote a subset 
of the punctures mapping to the Reeb chord b with \J\ = d+1, and let Xo{b) = r. We 
write Ef {M{a; b,, . . . , 6,)) = (ev^)"' (r, . . . , r). 

Remark 4.9. It is easy to see that if dim(A^(a; 6i, . . . , bk)) = then Ej{M.{a; bi, . . . , bk)) 
consists of exactly one point. 

Since the moduli space of flow trees of L is compact and since there are only finitely 
many Reeb chord manifolds, Lemma 14.71 implies that we can find a perturbation F of 
A^^'^ which makes all evaluation maps ev^ : 7W(a; 6i, . . . , 6^) transverse to all varieties 
Sjt, r = Xo(&) some b and J any subset of the negative punctures mapping to 6, for 
all moduli spaces and all choices of collections of punctures. 

We fix a choice of such an F and perform also the perturbations of size 0{rf) along 
the Reeb chord manifolds which were used to obtain A^^'^ from A^"^"* in Subsection 14.21 
Denote the resulting Legendrian embedding Arf'' : L x I ^ J^(]R^). We next give a 
description of the rigid flow trees of aI^\l x /) for small rj > 0. 

Consider a generalized flow tree G G V{a; bi, ... ,bs) on L x L A complete slice S of 
G is a collection of slice trees of G of the following form. 

• There is one slice tree in 5* which lies on a level above (i.e. a level of lower 
numbering than) all other slice trees in S. 

• The positive puncture of r° is either the positive puncture of G or connected to 
a negative puncture of some other slice tree in G by a flow line of length > 0. 

• Every slice tree in S of level k which is lower than the level of the top slice- 
tree r° is connected at its positive puncture via a flow line of length to the 
negative puncture of some slice tree in S of level k — 1. 

Thus, a complete slice S* is a (possibly broken) tree in a level lying in some compactified 
moduli space A^^ = A^(e; ci, . . . , c^). If the complete slice S lies in the xo-shce of c 
where c = Cj for one of the negative punctures Cj, then Ej{A4s) may be non-empty 
for suitable J. 

Consider a generalized flow tree G G P(a; bi, ... ,bs) of L x I and let S'f , . . . , S"^ be 
its complete slices. We say that G is potentially rigid if for every E Ai{e; ci, . . . , Ck) 
in an Xo(c)-slice, c = Cj some j, the number of punctures mapping to c (i.e. the number 
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of indices j such that c = Cj) is larger than dim{AisG)- In this case we take E^{AigG) 
to be the union of all the manifolds EjlAi^o) over all distinct choices of subsets J of 
negative punctures with | J| = + 1. 

Lemma 4.10. For all sufficiently small rj > 0, there is a 1 — 1 correspondence between, 
on the one hand, rigid flow trees of A^^^ (L x /) and, on the other, the union over all 
potentially rigid generalized flow trees G of the product sets 

(4.5) E^iMsc) X E^iMso) x ■ ■ ■ x E^(Msa), 

where Sf , j = 1, . . . , k, are the complete slices of G. 

Proof. Let G be a potentially rigid generalized flow tree and let F denote the pertur- 

f 2") 

bation of discussed above. A point in the product 

E^iMsc) X E^iMsc) X ... X E^iMsa), 

corresponds to k complete slices of G each of which give a transverse solution to an 
equation s^[evj] = for some Reeb chord h and some collection of punctures J . The 
Legendrian embedding F is at 0{ri) distance from the inclusion of L x / and has Morse- 
Bott Reeb chords along M^. for all Reeb chords c of L. To obtain Ajy*^ from F we make 
a perturbation of size 0(77^) in a small neighborhood of the manifolds Mc. 

The evaluation map is re-scaled by r/^^. After this re-scaling, the perturbation from F 
to A^^'' is a standard perturbation out of a Morse-Bott situation into a Morse situation. 
In particular, flow lines before the perturbation with evaluation map transversely equal 
to the location of the maximum corresponds in a 1 — 1 fashion to flow lines after the 
perturbation ending at the created maximum. We conclude that for > sufficiently 
close to 0, any point in the product gives rise to a collection of partial flow trees with 
one negative puncture at a c for each negative puncture which maps to Xo(c) by the 
evaluation map. 

We show that these pieces can be glued in a unique way to a rigid flow tree of 
A^^\l X /). This is straightforward: by the definition of complete slice, all complete 
slices are connected to other complete slices by fiow lines of length bounded from below. 
In order to glue the pieces, we thus need only make sure that the gluing problem for 
the fiow lines of j3c connecting the negative puncture at a complete slice of an above 
level to a complete slice in level below has a unique solution. Consider first the case 
when the critical point is a maximum. Since the Morse-Bott perturbation is of size 
0(77^), a change in the tree of the higher level near the negative puncture of size 0(?7^) 
produces a finite change in the level of the outgoing fiow line. Since the solution to 
Sr,[evf] = on the higher level is uniformly transverse, it persists under changes of 
size 0(77^). The case when the negative puncture has minimum character is similar: in 
order to connect the subtrees only perturbations of the pieces of size 0(?7^) are needed 
and the solutions to Sr,[evf] = persists under such perturbations. We conclude that 

near each point in the product (14.51) there is a unique rigid fiow tree of A^^^ {L x /) for 
all ?7 > sufficiently small. 
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In order to finish the proof it remains only to check that any sequence of rigid trees 
of aI^\l X J) converges to a potentially rigid generalized tree and gives a solution to 
the evaluation condition of f l4.5p . The fact that it converges to a potentially rigid tree 
is an easy consequence of Lemma [4.31 Re-scaling by ri~^ takes us as mentioned above 
to a standard Morse-Bott situation near the Reeb chord manifolds and it follows that 
any sequence of trees give a solution. □ 

We call the product of 0-dimensional manifolds as in (14.51) incidence spaces. Thus, the 
conclusion of Lemma [4. 101 is that the contact homology differential of Ai^\L x /), for 
rj > sufficiently small, admits a description in terms of generalized flow trees and their 
corresponding incidence spaces. Although this is a rather nice geometric description, 
algebraically, it is in general messy. Moreover, even geometrically it is not very explicit: 
it is, in general, difficult to determine the incidence numbers since they require exact 
knowledge of moduli spaces of flow trees on L of arbitrary dimension. (For a fixed knot 
L this is less of a problem since any L admits a presentation in which there are no disks 
with multiple negative punctures and for such knots the description of the algebra is 
straightforward.) However, we need to deal with one parameter families of knots, and 
want the algebra as simple as possible and as we shall see, there is an algebraically 
much preferable description of an algebra which is stable tame isomorphic to the one 
discussed above. This algebra arises from abstract perturbations and is related to 
the one above directly through its description in terms of generalized flow trees and 
incidence spaces. For this reason we note the following. 

Remark 4.11. Fix a small rj > for which Lemma [4.1UI holds. Consider the Legen- 
drian submanifold F{L x /) where F is a small perturbation of Arj . The integration 
along trees discussed above map can be viewed as a map x / ^ C''{S^, T*I), where 
is naturally identifled with the cotangent lift of the tree. Lemma 14.101 then gives 
a description of the moduli space of rigid trees determined by aI^^ {L x J) in terms of 
perturbed trees and Morse functions /3c : Mc — >■ M on the Reeb chord manifolds, where 
the perturbation function is the xo-component of the integration map discussed above. 

5. Abstract perturbations and contact homology computations 

In this section we design a perturbation for the trace of the constant isotopy which 
leads to a simple differential. 

5.1. A perturbation function. Let F be a flow tree on L C J"'^(]R). Note that the 
cotangent lift of F is naturally by a map of a circle Sr with metric induced by the 
parametrization and with ordered marked points Po,Pi, ■ ■ ■ ,Pk at the punctures of F. 
(Here po corresponds to the positive puncture.) We will associate to F a function 
0r : ^ ffi such that 0r > and such that 

(pr{po) = = 4>r{Pk) < ■ ■ ■ < 0r(pi)- 

Furthermore, the functions 0r will vary continuously with F in the moduli space of 
flow trees on L. In order to get a common source circle for all the maps (p-p, we scale 
all cotangent lift circles so that they have length 2it and view F i— >■ 0r as a map 
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A4 C^(S'^,R), where A4 is the compactified moduh space of trees of L and where 
k > 1. Before discussing these functions we prove a prehminary lemma. 

Lemma 5.1. There exists a constant C > such that for any flow tree F of L with 
one positive puncture, the distance in St between any two punctures is bounded below 
by C. 

Proof. Let c be a Reeb chord of L. The only Reeb chord in a neighborhood of c 
is c itself. For area reasons, if c is the positive puncture of a tree then it cannot also 
appear as a negative puncture in that tree. Thus it suffices to consider two neighboring 
negative punctures in a tree F which both map to c. Consider the 1-jet lift F of F. Since 
the path of F which connects the punctures is incoming at one of them and outgoing 
at the other, it connects the top endpoint of c to the bottom endpoint of c and thus 
its length is bounded from below. □ 

Assume that L C J^(M) is sufficiently generic so that the lengths of all its Reeb 
chords are pairwise distinct. Let the lengths be 

< /i < /2 < • ■ ■ < /„,. 

It follows by Stokes theorem that there exists M (take M > j^) such that no flow tree 
with one positive puncture has more than M negative punctures, and that there exists 
K (take K > —. — — n-r) such that no broken tree has more than K levels. 
Choose a function /i: IR — > R, /i > 0, such that for every j = 1, . . . ,r 

We will define the map M. C'^'(S'^, M) in an inductive manner using the area filtration 
oi M.. In the first step we define the map on the moduli space of fiow trees of smallest 
area. In later steps we define the map on the compactification of the moduli space of 
trees of higher areas assuming that the map is ah^cady defined for all moduli spaces 
of trees of smaller area. Since the compactification of a moduli space of trees of a 
given area consists of broken trees with pieces of smaller areas, the map has a natural 
definition on the boundary of the moduli space and we show how to extend it to the 
interior. 

Let F be a fiow tree. We say that a smooth function 0r ^ — > K is stretching if the 
following holds 

• If F has one or zero negative punctures, then 0r = 0. 

• If F has r > 1 negative punctures and if / is the length of its positive Reeb 
chord, then (f)r{po) — (t>riPr) — 0, 0r increases monotonically as we move along 
the circle in the negative direction from the point midway between p^ and Pr-i 
to the point q midway between pi and po, (p-p decreases monotonically between 
q and the point midway between q and Pq and then it is constant. Furthermore, 
MPj) - MPj+i) = ig^(0 for j = 1, . . . , r - 1. 

Let 



(5.1) 



F = F} U (F^ U ■ ■ ■ U F^^) U ■ ■ ■ U (F;i U ■ ■ ■ U Ff ) 
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be a broken tree where Fj, . . . , F* are the trees of level j. Let <^r* • Sj-t — > R be smooth 
functions which are constant in neighborhoods of punctures. Then these functions glue 
in an obvious way to a smooth function 0r : 5'r — >■ M as follows. For points x G F^ C F, 
let (prix) = 0ri(x). Assume inductively that 0r has been defined for all points in trees 
of level < j. Let x G F* and let qj G F^_]^ denote the negative puncture in the level j — 1 
tree F^_]^ where the positive puncture of F* is attached. Define 4>r{x) = 0r(Pj) + 0r'(3^)- 

We define the common ancestor Ar{q, q') of two negative punctures q, q' in the broken 
tree F as an unbroken subtree of F, inductively, in the following way. If both q and 
q' are negative punctures of the same unbroken tree F* then we take A{q,q') = F*. 
If q and q' lie on different levels l{q) and l{q') with l{q) < l{q'), say, then we take 
Ar{q,q') = Ar'{q,q") where q" is the negative puncture of the tree of level Z(g') — 1 
where the positive puncture of the tree of q' is attached and where F' is the broken tree 
obtained from F by cutting at q". If q and q' lie on the same level but not in the same 
tree then we take Ar{q,q') = Ar^{p,p'), where p and p' are the negative punctures in 
the trees of level /(g) — 1 = Z(g') — 1 where the positive punctures of the trees of q 
and q', respectively, are attached, and where F' is the broken tree obtained from F by 
cutting at p and at p'. 

Let po,Pi, ■ ■ ■ ,Pr denote the punctures of a broken tree F as in (15.11) . 

Lemma 5.2. //0r* stretching for all j then for any t, l<t<r — 1 

Mpt) - 0r(Pi+i) > (^^T)) 

where L is the number of levels in F and where l{pt,Pt+i) is the length of the Reeb chord 
of the positive puncture in Ar{pt,Pt+i) ■ 

Proof. We use induction. For trees of only one level this is immediate. Assume next 
that it holds for all broken trees of L — 1 levels and consider attaching an L^^ level to 
an {L — l)-level broken tree F' to form a L- level tree F. The only point that needs to 
be checked is that if q is the first negative puncture in a tree A of level L and if p is 
the negative puncture in F preceding it in F, then 

Mp) - Mq) > (i - -j^^ ^Kiip, q)). 

Note that either p = p' where p' lies in a tree of level at most L — 1 or p lies in a tree 
of level L attached at a puncture p' of some tree of level L — 1. In the latter case we 
have (pr{p) = (pr'{p')- If <?' denotes the negative puncture in the tree F' at which the 
tree A is attached then the inductive assumption implies 

Mp') - Mq') < (l - ^) ^h{l{p',q')). 
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By the definition of common ancestor A{p',q') = A{p,q) and fience h{l{p',q')) = 
h{l{p,q)). Tlius, since 0a is stretcliing, witli I = l{p,q), 



Lemma 5.3. There exists a continuous function M. —>■ C^{S^ , T \—>- (p-p, such that 
the following holds. IfT is any (broken) tree in M. with negative punctures pi, . . . ,pr 
then 



and if r is a broken tree then (p-p satisfies the join equation (13. 2p . 

Proof. Possible areas of trees of L witli one positive puncture constitutes a finite set of 
numbers 



Let Aij denote tlie compactification of tlie moduli space of trees of area < aj. Pick a 
stretching function F i— > for P G A^i. Assume inductively that we have defined a 
function Aij C''{S^, M) in such a way that there exists an e > with the following 
properties. In an e-neighborhood of each broken tree the function satisfies the join 
equation. For F outside a 2e-neighborhood of the boundary of A4j the functions 0r 
are stretching. In the region between these neighborhoods, the inequality, 



where the notation is as in Lemma 15. 2[ holds. We want to extend the function to 
Aij+i- Since the boundary of M.j+i consists of broken trees of area strictly smaller 
than ctj+i we define the map dj^j+i C''{S^,'R) by imposing the join equation in 
a small neighborhood of the boundary of Aij^i. Using Lemma [5.21 it is not hard to 
see that if e > is sufficiently small then we can extend this family to all of M.j+i 
respecting the above conditions on e-neighborhood as well as on the 2e-neighborhood 
and its complement. We obtain a function on A4. with properties as desired. □ 

We view a function M. C'^(S'^,M) with properties as in Lemma 15731 as a function 
into C^{S^ ,T*I) by identifying M with the fiber in T*I. Fix such a function and use 
it as a perturbation function for fiow trees, see Subsection 13.41 Let Aa denote the 
corresponding differential on A{L x /). 

Remark 5.4. By scaling, the total variation of any function 0r; F G can be 
assumed arbitrarily small. 



0r(p) - 0r(g) = 0r'(p') - 0r'(?') - 0a (g) 




□ 



0r(Pt) - (pvipt+i) > 5 > 



< «! < 0:2 ■ ■ ■ < a- 
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Lemma 5.5. Any rigid perturbed flow tree has only one level. The flow tree corre- 
sponding to the perturbed slice tree in that level is itself rigid and exactly one of its 
negative punctures lies at the 0-level, or the tree is entirely contained in {xq = ±1}. 

Proof. This follows from the choice of abstract perturbation. Since it orders the neg- 
ative punctures, at most one at a time can lie at the 0-level. The lemma is then an 
easy consequence of the dimension formula. □ 

Let d: A{L) A{L) denote the contact homology differential and let the notation 
for generators be c for the maximum in Ic and c[±l] for the minima at ±1 G Ic, for 
any Reeb chord c of L. 

Corollary 5.6. The differential Aa: A{L x I) ^ A{L x /) satisfies the following 

(5.2) Aac[±l] =9c[±l], 

(5.3) AaC=c[+l] + c[-l]+r(9c), 
where r(l) = and 

T{aia2 . . ■ am) = dia2[-l] . . . am[-l] 

+ ai[+l]a2a3[-l] • • • am[-l] 

+ ai[+l].. 

Proof. It is easy to construct the rigid perturbed trees mentioned in Lemma [531 which 
give the second term in 05.31) . as well as the flow lines of (3c which give the first term 
in f l5.3p . Lemma [5.51 shows that there are no other rigid perturbed trees. □ 

Let A : A{L x I) —* A{L x I) denote the differential on the contact homology algebra 
of the trace of the constant isotopy which arises from a geometric deformation. 

Corollary 5.7. There exists a tame isomorphism between the algebras {A{L x /), A) 
and {A{L x /), Aa). 

Proof. Remark 14.111 shows that A can be expressed as a differential Ag induced by a 
perturbation function and by collections of Morse functions on the Reeb chord man- 
ifolds. Corollary 13.111 then shows that {A{L x J),Aa) and {A{L x J),Ag) are tame 
isomorphic. □ 

6. Decomposing isotopies and differentials 

In this section we first discuss how to subdivide a Legendrian isotopy into pieces 
in such a way that each piece corresponds either to a sufficiently good approximation 
of a constant isotopy or to a move isotopy which is constant except in a small region 
where it has one of several standard forms. The computations of Section [S] allow us 
to describe the DGA of the trace of the almost constant isotopy, see Subsection 16.11 
Slight extensions of these computations allow us to describe the DGAs of traces of 
move isotopies as well, see Subsections 16.21 and 16.31 
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6.1. The trace of an almost constant isotopy. Let L C J^(]R) be a generic Leg- 
endrian submanifold. Let L^, — 1 < t < 1 be an isotopy of L = Lq and let $(L x /) be 
the trace of Lt with standard ends. Let ^ : J^(M x /) — »• J^(M x /) be the perturbation 
which makes the trace L x / of the constant isotopy generic with respect to flow trees. 

Lemma 6.1. There exists e = e(L) > such that if the isotopy Lt is contained in 
a the e-neighborhood of the constant isotopy then the contact homology algebra of 
X /)) and that of'^{L x /) are canonically isomorphic. 

Proof. Assume not. Then there exists a sequence of isotopy traces $j : L x / ^ J^(M x 
/), i = 1,2, .. . such that the space of rigid flow trees of \l'(<l>j(L x /)) and that of 
X /) are non-isomorphic and such that $j id as j oo. By the compactness 
properties of the space of flow trees, this contradicts the flow trees of \E'(L x /) being 
transversely cut out . □ 

Let Lt, < t < 1 be a Legendrian isotopy. It is well known that we may deform this 
isotopy into an isotopy with the property that Lt is a generic Legendrian submanifold 
for t 7^ tj where < ti < ■ ■ ■ < < 1 is a flnite collection of instances and such that 
around every tj the isotopy is constant outside a small disk and inside this disk the 
Legendrian undergoes one of the following standard moves. We call such an isotopy 
an isotopy with standard moves. 

(Fl) A flrst Redemeister front move. 
(F2) A second Redemeister front move. 
(F3) A third Redemeister front move. 
(LI) A Lagrangian triple point move. 
(L2) A pair of Reeb chords disappear. 
(L3) A pair of Reeb chords appear. 

Given an isotopy with standard moves we may subdivide the intervals between the 
standard moves in sufliciently short isotopies through generic Legendrian submanifolds. 
This gives a representative of the trace of the isotopy which is a join of approximately 
constant isotopies and isotopies with standard moves. Let L be the middle stage of an 
almost constant isotopy and let {c, c[— 1], c[+l]} denote the Reeb chords of the trace 
of the almost constant isotopy, where c ranges over the Reeb chords of L, where c 
corresponds to the maximum in 1^ and c[±l] to the minima at the endpoints of Ic- If 
w G A{L) is an element then write t(7[±l] for the corresponding element in A{L x /) 
where every generator c has been replaced by c[±l]. 

Corollary 6.2. The DGA differential A of the trace of an almost constant isotopy is 
the following 



(6.1) 



Ac[±l] = (9c)[±l], 

Ac = c[-l] + {id c)[+l] + Tid{dc) 



for every Reeb chord c. 



Proof. This follows from Lemma 13.101 in combination with Lemma 16. 1[ 



□ 
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Figure 2. Flow line of the trace of the constant isotopy (left) and cor- 
responding flow tree of the (Fl)-isotopy (right). 

Concatenation of the almost constant isotopies of an isotopy without moves then 
gives an expression for the differential of the trace of the total isotopy. 

6.2. Front moves. In this subsection we study moves (F1)-(F3). In fact, none of 
these moves change the differential from that of the trace of the constant isotopy. 

Lemma 6.3. The DGA of the trace of an {Fl)-move is identical to the DGA of the 
trace of an almost constant isotopy, see (16. ip . 

Proof. We parametrize the trace by keeping the isotopy constant on xq G [—1, |], then 
performing the move, and keeping it again constant close to xq = 1. It is straightfor- 
ward to check that there is a natural 1-1 correspondence between flow trees of the trace 
of the constant isotopy and flow trees of the (Fl)-isotopy. The only difference between 
the two kinds of trees appears as they pass the bifurcation region where trees in one 
of the situations are obtained from trees in the other situation by adding a Yi-vertex 
and an end, see Figure [2J □ 

Lemma 6.4. The DGA of the trace of an {F2)-move is identical to the DGA of the 
trace of an almost constant isotopy, see (16. ip . 

Proof. As in the proof of Lemma [613] it is straightforward to find a 1-1 correspondence 
between rigid flow trees of the trace of the constant isotopy and the trace of the isotopy 
of the move. To see this, use the cotangent lift of the trees and the fact that the 
Lagrangian projection of the trace of an (F2)-isotopy is qualitatively indistinguishable 
from that of the constant isotopy. □ 

Lemma 6.5. The DGA of the trace of an {¥Z)-move is identical to the DGA of the 
trace of an almost constant isotopy, see (16. ip . 

Proof. The same argument as in the proof of Lemma 16.41 applies. □ 

6.3. Lagrangian moves. In this subsection we study the moves (L1)-(L3). To this 
end we will append the move isotopy to one end of a constant isotopy. As in Subsection 
13.41 our computation uses abstract perturbations. That is, we use perturbed flow trees 
in our computations. The argument which shows that this computation gives a DGA 
which is tame isomorphic to the DGA which arises from a geometric perturbation 
is almost identical to the proof of Lemma 13.101 and Corollary 13.111 and will not be 
repeated. 
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Figure 3. The first (Ll)-isotopy. 




Figure 4. The second (Ll)-isotopy. 

Let L_i and L+i be Legendrian submanifolds of J^(R) such that L+i is obtained 
from L_i via an (Lj)-move. Then we write 0(Lj) : -^(-^-i) -^(-^+1) ^oi the in- 
duced homomorphism, j = 1,2,3, see fL5\. Furthermore we write d± for the differ- 
ential on A{L±i) and if 0: A{L_i) — > A{L^i) is a homomorphism, we use the notion 
r^: ^ A{L X J) as in Theorem O 

We first consider the simpler cases of (LI) and (L2) where the abstract perturbations 
and the move region can be taken disjoint. We let the move happen inside a box of 
the form \ < xq < ^ + 6, |xi — a| < e. Inside this box we can draw the fiow explicitly 
and from that information compute the differential. 

Lemma 6.6. The differential A of the trace of a move isotopy of type (LI) satisfies 
(6.2) Ac = c[-l] + 0Li(c)[+l] + r^^,(9_c) 

Proof. We chose abstract perturbations of the same form as in Subsection 13.41 and we 
use a cut-off function supported above the move region. As there, we find that as 
77 — >■ outside the move region any sequence of trees converges to a generalized tree. 
In particular, any rigid fiow tree has all its limit slice trees near xq = 0. The difference 
arises as the descending fiow lines near the Reeb chord manifolds enter the box of the 
move. There are two different (Ll)-moves see Figures [3] and |H The corresponding flow 
pictures are shown in Figures E] and O respectively. It is clear from these pictures that 
there is no effect on the differential in the flrst case and that in the second case we get 
exactly c[— 1] + 0(c) [+1] + T^{dc) in the right hand side of (16. 2p where 0(a) = a + be 
and is the identity on other generators. 

□ 

Lemma 6.7. The differential A of the trace of a move isotopy of type (L2) satisfies 

Ac = c[-l]+0(c)[+l] + r^,,(9_c) 
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a b 



c b a 

Figure 5. The trace of the first (Ll)-isotopy. Every flow hne belonging 
to a rigid tree passes right through the isotopy box. 




Figure 6. The trace of the second (Ll)-isotopy. Any flow line on its 
way toward a can either split over a YQ-vertex into a rigid configuration 
of a flow line toward b and a flow line toward c or pass right through the 
isotopy box. 




Figure 7. An (L2)-isotopy. 



Proof. The proof is very similar to the proof of Lemma 16. 6[ We use abstract pertur- 
bations supported outside the move box. The move is depicted in Figure [7] and the 
corresponding flow box in Figure [HI It follows that 

Ac = c[-l] + 0L2(C)[+1] + r^,,(a_c) 
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Figure 8. The trace of the (L2)-isotopy. Any flow hne on its way 
toward a goes on toward a word contributing to v. The corresponding 
tree hves in a 1-parameter family since nearby flow lines (which would 
formerly be attracted by h) also goes on toward the same word in v. 
A flow line of a rigid tree on its way toward h is determined uniquely 
already in the region above. It goes on to a word contributing to v. 



a b 

Figure 9. The flow of an (L3)-isotopy. Consider a generalized per- 
turbed flow tree near the [—1] -chords moving upwards. When one of 
its 6-chords hits the flow line going to a in the flow box, a 1-parameter 
family of perturbed flow trees becomes rigid. When the puncture moves 
further up the flow goes instead to a word contributing to v and stays 
there until the next 6-puncture hits the flow line ending at a. 



where takes a to 0, 6 to 9a -|- 6 = f, and is the identity on all other generators. □ 
Lemma 6.8. The differential A of the trace of a move isotopy of type (L3) satisfies 

Ac = c[-l]+0L3(c)[+l]+r^,3(^c). 

Proof. To prove this result we use an abstract perturbation of the kind discussed in 
Section El which orders the punctures according to their natural boundary ordering. 
This time we let the perturbation of the horizontal trees be cut-off only after the flow 
box of the move. This flow box is depicted in Figure [91 Our choice of perturbation 
guarantees that the flow lines of a generalized perturbed tree hits the a-flow line in the 
order they appear on the boundary. The formula for the differential follows. □ 
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Figure 10. The mapping cone of a DGA morphism 



7. Algebraic treatment of concatenation and of homotopy of 

isotopies 

In this section we first show that the DGAs of traces, after destabihzation and tame 
isomorphisms have certain naturahty properties with respect to concatenation. To- 
gether with the results of Section [6] this leads to a proof of Theorem II. 1[ Second we 
show that the contact homology of the trace of an isotopy depends only on the chain 
homotopy type of the contact homology morphism induced by the isotopy. Geometri- 
cally, such a chain homotopy corresponds to a homotopy of isotopies. 

7.1. Concatenation and the proof of Theorem ll.il Let {A±, d±) be a DGA with 
a finite set of generators g{A±) and let A- ^+ be a DGA morphism. Let the 
non-commutative algebra be generated by the following: 

• a generator a± for each a± G g{A±), with grading |a±| as in 

• a generator d for each a_ G g{A-), with grading |d| = |a_| + 1. 

There are obvious embeddings (algebra monomorphisms) l± : A± defined (on 

generators) by L±{a±) = a±, see Figure [TUl 

We define a map : ^ C^p as follows on generators 

A^a± = i±(9±a±), 

A^a = a_ + i+((/9(a_)) + r^(9_a_) 

and extend it to all of by the Leibniz rule. Here F^^ : A- is defined as follows. 

On generators a_ of A^, 

r<^(a-) = a 

and for products uv G A-, 

The (i-,i+ o -derivation F^ increases grading by 1 and consequently decreases 
grading by 1. 

Since d± also satisfies the Leibniz rule, it follows that A^f,L±{u±) = t±{d±u±) for all 
u± G A±. In other words, l± will be DGA morphisms once we show that (C<^, A<^) is a 
DGA. To establish that we must show that A^ = and it is enough to prove this for 
generators of C^. For generators a± this is trivial and for generators a, it follows from 
the following lemma. 
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Lemma 7.1. For all u G 

(7.1) D{u) = L_{u) + i+{v{u)) + A^r^(n) + V^{d.v) = 0. 

In particular A^a = for any generator a. 
Proof. If a_ is a generator of then 

D{a-) = L-{a^) + 6+(v?(a_)) + A<^r;p(a_) + V^{d-a^) 
= a„ + i+((^(a_)) + A^a + r^((9_a_) = 

by definition of Aj^a. If D{u) = D(v) = 0, then 
D{uv) = L^{uv) + L+{ip{uv)) + A<^r^(ut;) + r(^(9(uf )) 

= l^{u)l_{v) + i+(v9(n))i+(v?(t;)) + A^ (i_(u)r^(t;) + r^(u)i+((^(i;))) 

+ T^{d-U ■ V + u ■ d^v) 

+ a^{l_{u)) ■ r^{v) + L^{u) ■ A^r^{v) + A^r^(M) ■ l+{^{v)) + r^{u) ■ a^l+{^{v)) 

= (L+iipiu)) + A^r^(u) + T^{d-u))j{ip{v)) + l4u) {l4v) + A^T^iv) + T^{d.v)) 

For the second statement, note that A^ci = D{d^a). □ 

We call the DGA {C^, A^) the mapping cone of the chain map (p: A- 
The proof of the main theorem of this section relies on the following result which is 
often used in the subject of contact homology. For a proof see [3]. 

Theorem 7.2. Let A = T(gi, g2, • • • , Q'm, a, &) and A' = T{qi,q2, ■ . . ,qm) be DGAs 
freely generated by the indicated generators with differentials d and d' , respectively, 
which decrease grading by one and which satisfy the Leibniz rule. Assume that A 
and A' come equipped with height filtrations, that is that there exists an ordering of 
the generators c G {gi, . . . , g^, a, 6} of A with the following property. For each a, 
the expression do (d'c) is a polynomial of other generators of A (of A') in which all 
generators is of smaller height than c. Assume that da = b + v. Define the projection 

t: A^A! 

by T{qj) = qj, I < j < m, r(a) = 0, and T{b) = v. Extend r to a grading preserving 
algebra homomorphism and suppose it is a chain map. Then, the DGAs {A, d) and 
{A', d') are stable tame isomorphic. In particular they have isomorphic homologies. 

Let now {Ai,di), (^2,<92), and (^3,^3) be filtered DGAs with a: Ai ^ A2 and 
p-. A2 ^ A3 DGA morphisms between them (see Figure [TTl). Let (Cq,,Aq,) be the 
mapping cone of a and (C/3,A^) be the mapping cone of /5. Define the algebra B 
by taking the disjoint union of Ca and C/3 and identifying for each generator b of A2, 
the corresponding generator b E Ca with b E Cp. This is the algebraic version of 
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Figure 11. Concatenating mapping cones 



concatenation and Aq, and define a differential A on B. Note that the inclusions of 
Aj ^ B, j = 1, 2, 3 are DGA morphisms. 

Lemma 7.3. The DGA {B, A) is stable tame isomorphic to the mapping cone {Cpa, A/j^) 
of the chain map [3 o a: Ai ^ .4.3. 



Proof. We remove pairs of generators (6, h) for b E A2 inductively. Let the generators 
of A2 be arranged by height from bi (the longest) to 6^ (the shortest). We eliminate 
61 first, then the second longest generator 62, and so on until we reach b^. Starting 
from B = Bo, we obtain the DGAs Bi {i = 0,1, . . . , k) that are generated by a and d 
for each generator a G ^1, c for each generator c E A3, and by . . . , 6^5 ^fc- We 

may assume that in each Bi, the heights of the d generators are all higher than those 
of the b and b generators. 

Starting from Aq = A, we define differentials Aj on Bi recursively. If Aj_i6j = bi+Vi 
then we define the projection Tj : Bi^i —>■ Bi as in Theorem 17.21 (We remark that Aj_i6j 
will always have that form, in fact with Vi = (3{bi) + Tp{d2bi), since we eliminate in the 
order of decreasing height; the interesting part of this definition is Ajci for a G .Ai.) 
For any generator c of Bi, we define AjC = rj(Aj_ic). Then Tj is a DGA morphism and 
Theorem 17.21 implies that all Bi are stable tame isomorphic. 

To finish the proof we use the following: for all b E A2 C B, 

(7.2) rfcorfc_io...ori(6) =/3(6). 

To see this, note that 

n O n-l O ■ • ■ O Ti{bi) = Tfc O ■ ■ ■ O Ti{bi) = Tfe O ■ ■ ■ O Ti+i{P{bi) + T f3{d2bi)) . 

Here, each monomial of Tp{d2bi) contains a 6j-factor for some i + 1 < j < k, thus one 
of the remaining projections will annihilate it, and l3{bi) is in ^3 and is therefore fixed 
by all projections. 

We claim that {Bk, A^) is isomorphic to the mapping cone {C^a, A^^). Their sets of 
generators agree and the differentials for generators a E Ai and c G ^3 are obviously 
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the same. For any generator a E Ai, 

Akd = AfcTfc o rfc_i o ■ ■ ■ o ri(a) 

= Tk O Tk-l o ■ ■ ■ o Ti{Aoa) 

= Tk o Tk-1 o • ■ • o ri(a + a{a) + To,{dia)) 

= a + Tfc o Tk-i o • ■ ■ o ri(a(a)) + o Tk-i o ■ • • o ri(r„((9ia)) 

= a + /3{a{a)) + Ti3oaidia)). 

To see that the last equahty holds, note that each summand of Taidia) is a three- 
fold product of an element of Ai (possibly 1), an a-generator (these are all fixed by 
projections) and the a-image of an element of ^i, note that projections are algebra 
homomorphisms and use ( 17.2p . □ 

Proof of Theorem The theorem follows from Lemma 16.11 Corollary 16.21 Lemmas 
l6.3l - [6^ and Lemma [7.31 □ 

7.2. Chain homotopy. Consider two DGAs {A+,d+) and {A-.dJ). Let A+ — 
A- be chain maps and let K : A+ A- be a chain homotopy between them. That is, 

(j) + ijj = Kod+ + d-oK. 

Consider the mapping cone DGAs (C^, A^) and (C^, A^). Define the map Tk: A+ 
C^, to equal zero on constants and on linear monomials and by the following expression 
for monomials 6i ... 6^ of length r > 2 

r^(6l ...br)= hiK{h2 ...hr)+ hkKih . . .br) + ■ ■ ■ + h . . . hr-2hr~lK{hr). 

Lemma 7.4. The algebra map F: (C<^, A^) — > (C^, A^) defined on generators as follows 

F{c) = c, c G A+, 
F{v) =v, V e A^, 

F{c) = c + K{c) + TK{d+c), cGi+, 

is a (tame) chain isomorphism. That is, 

FoA^ = A^oF. 

Proof. For simpler notation we write = A = and consider this as one algebra 
with two differentials and in order to facilitate computations we introduce the following 
notation. Let H : A-i- — > A and 6 : A+ ^ Ahe maps. Then define the map 
A as follows on monomials 

nf{bi . . . br) = H{bi)d{b2 . . . br) + biH{b2)9{bs . . . 6.) + ■ ■ ■ + 61 . . . 6,_ii7(6,). 

We compute 

(7.3) F(A^(c)) = F{c + </)(c) + T^{d+c)) 

= c + 0(c) + T^id^c) + fif (9+c) + fi^-°'+(a+c). 
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and 

(7.4) A^(F(c)) = A^(c + K{c) + r^(9+c)) 

= c + V^(c) + T^d+c) + d^{K{c)) + /\^{TK{d+c)). 

We note that the monomials in fl7.3p and (17.41) are of two types: monomials which are 
constant in ^+-generators and monomials which are linear in ^+-generators. We first 
show that the monomials of the former kind cancels between the two equations. 
The contribution from (17. 3p to monomials of the first kind is 

c + 0(c) + fi^(9+c) 

and the contribution from (17.41) is 

c + V'(c) + d^{K{c)) + A,^,(r^-(a+c))o, 

where Wq denotes the term in an element which is constant in the ^_|_-generators. Thus, 
if we show that 

(7.5) ^^{d+c) + A^(rx(9+c))o = K{d+c) 

then it follows that monomials of the first type cancels. Now, if 6i . . . hr is a monomial 
in then the contribution from this monomial to the left hand side of (17.51) which 
is non-constant in the ^+-generators vanishes for the following reason. Terms arising 
from have the form 

hi... bsK{bs+i)4>{bs+2) ■ ■ ■ <P{hr) 

and are canceled by terms in A^,(6i . . . haK{hs+i)(t){hs+2) ■ ■ ■ (piK)) corresponding to the 
bs-term in A^{bs). Remaining terms in A^(6i . . . 6s-^(^s+i • • • ^r)) corresponding to the 
bs-term in A^(bs) cancels with terms in A^(6i . . . bsbs+iK{bs+2 ■ ■ ■ br)) corresponding 
to the i/j{bs+i)-teTm in A^(6s+i). Thus if bi...br is any monomial in d+c then its 
contribution to the left hand side of (17.51) is exactly 

K{bi)<j){b2) . . . 0(6.) + ^(61)7^(62)0(63) . . . 0(6r) + . . . ^{bl) . . . ^{br-l)K{br) 

and (17.51) follows. 

We next consider monomials linear in ^+-generators contributing to (17. 3p and (I7.4p . 
To this end we define the maps A, B,C, D: A+ — ^ as follows on monomials. 

A(6i...6,) = r^(9+6i)^(62...6.) 

+ 6ir^(9+62)K(63...6,) + ... 
+ 61 . . .bs-2T-4;{bs-i)K{bs), 

if s > 2 and otherwise. 

B{b,...bs)=hK{d+{b2...b,)) 

+ 6i62K(9+(63...6,)) + ... 
+ 6i...6,_26,_iK(9+(6,)), 
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if s > 2 and otherwise. 

C{h...bs) = id+h)kK{h...b,) 

+ d+{hih2)hK{{h^...hs)) + ... 
+ d{h...K^2)bs-iK{bs), 

if s > 2 and otherwise. 

D{h...bs)=hd^{K{b2...bs)) 

+ bAd^{K{b,...b,)) + ... 
+ bi...bs-2bs-id4K{bs)), 

if s > 2 and otherwise. 
We have 

= TKid+d+c) = Q^^°^+{d+c) + A{d+c) + B{d+c) + C{d+c). 

(To see this one subdivides contributing monomials as follows. Let 6i . . . 6^ be a mono- 
mial in (9+c. The first term corresponds to the ^+-variable and the i^T-variable both 
located in a 56^ -monomial for some j. The second term corresponds to the ^.[.-variable 
in a 96j-monomial and the ii'-variable outside. The third term corresponds to the A+- 
variable outside a 9+6j-monomial and the variable on which the 9+-operator acts being 
on the right of the ^+-generator. The fourth term corresponds to the ^+-variable out- 
side a 5+6-,-monomial and the variable on which the 9+-operator acts being on the left 
of the >i+-generator.) 
Similarly, we have 

A^(r;,(9+c))i = A{d+c) + C{d+c) + D{d+c), 

where Wi denotes the term of an element which is linear in the ^+-generators. Con- 
sequently, the contribution of monomials of the second kind to the sum of fl7.3p and 

dzaD is 

= T^id+c) + T4d+c) + B{d+c) + D{d+c) = 0. 
The lemma follows. □ 

8. Examples 

The results of this paper allow us to construct many interesting Legendrian subman- 
ifolds. To illustrate this, we shall apply Theorem 1 1.1 1 to some of the loops of Legendrian 
knots discussed in [15] . In particular, we will concentrate on augmentations of the con- 
tact homology of the resulting Legendrian tori. Our examples give a proof of Theorem 

In any situation when the Legendrian L C of Maslov class r = 0, only has 

Reeb chords of non-negative grading (and L is the base point of a closed loop that 
gives rise to the Legendrian torus A), the following observation applies. The "long 
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Figure 12. A loop of Legendrian trefoil knots 

chords" (hat variables) of A have positive grading so they cannot be augmented. We 
have to select index chords 6 of L ( "short chords" ) on which the augmentation should 
take a non-zero value. Grading 1 short chords impose the same relations on these as 
when searching for augmentations of L itself. So augmentations of A are in fact also 
augmentations of L. But there are also relations imposed by the grading 1 long chords. 
Because of the absence of negative grading chords, these are of the form A6 = 6 + 
where is the monodromy of our loop. Hence, an augmentation of L will be an 
augmentation of A if and only if it is invariant under /i. 

In [15], a natural loop is described in the space of braid-positive Legendrian knots. 
The (p, 2) torus knots are its simplest special case, when conjugating a single crossing 
from one end of the braid to the other already results in a closed loop. We will examine 
the cases p = 3 and p = 7. 

Proof of Theorem \1.2\ (a). The diagram of the loop for p = 3 is reprinted in Figure [T2l 
We recall from fibi Section 5] that, after restoring the original labels, the monodromy 
II of this loop acts on the index variables bi, 62, and 63 as follows: 

= 1 + 62^3; Ai(&2) = fei; /^(&3) = &2- 

The crossings Oi and a2 are of index 1 and they are not cycles, so for the time being we 
only concern ourselves with their boundaries (see, for example, p!5l Example 2.14]): 

9ai = 1 + 61 + 63 + &1&2&3; da2 = 62 + + &2&3 + &2&3&1&2- 

The other three relations that determine the index part CHq of the contact homology 
of the corresponding torus are 

(8.1) Abi = bi + 1 + b2h] Ab2 = b2 + bi] Abs = b3 + b2. 
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The last two relations in (18. ip implies that CHq has a single generator. We denote it 
b. It is subject to the relations 

1 + ^3 = 0; b + b^ = 0; 1 + b + b^ = 0. 

The first two of these follows from the third by multiplication with 6+1 and b{b + 1), 
respectively. Therefore, 

CHo = Z2[b]/{l + b + b^ = 0). 

Thus CHo is non-trivial. On the other hand because neither nor 1 is a root of the 
relation, this contact homology cannot be augmented. (Indeed, the five augmentations 
of the trefoil are permuted in a single cycle by /i, so none of them is fixed.) □ 

Proof of Theorem \1.2\ (b). Let p = 7 for the knots considered above. For convenience 
we introduce terminology that applies for any odd number p. The loop is the same as 
in Figure [T2] except that there are p — 3 more index crossings b^, . . . ,bp that, just hke 

62 and 63, are essentially unaffected by the monodromy (they simply get re-labeled at 
the end). 

They do however influence dai and da2 as follows: 

dai = l + Bu; da2 = 1 + B22 + B21B12. 

Here, the polynomials Bij are natural generalizations of the expressions Bn = bi + 

63 + 61^263, B12 = 1 + 62^3, B21 = 1 + &1&2, and B22 = &2 in the p = 3 case. See [Ul 
Section 6] for more details. In particular when p = 7, we obtain 

Aai = dai = 1 + 61 + 63 + 65 + 67 + 6162&3 + + + + 

+ bib^bj + b^b^b^ + b^b^bj + bsb^b-j + 6566^7 + &i&2&3^4&5 + &i&2&3^4&7 
+ 6i62fe3&6&7 + &1&2&5&6&7 + bibib^bebj + bsb^b^b^bj + &162&3&4&5&6&7; 

Aa2 = da2 = 1 + 62 + &4 + &6 + &2&3&4 + &2&3&6 + &2&5&6 + &4&5&6 + &2fc3^'4^'5^6 
+ (1 + 62^3 + &2&5 + ^2^7 + hb^ + b^bj + bgbj + 62&3&4&5 

+6263^4^7 + b2bsbQbY + b2b^bQbj + b^b^bgby + 62&3&4&5&6&7) 
■ (1 + 6162 + bibi + 6166 + bsbi + 6366 + b^be + 6162&3&4 

62^*3^6 + &1&2&5&6 + bib^b^be + b^b^b^b^ + 6i62&3^4&5^6)- 

These formulas are special cases of [15^ Theorem 6.7]. The relations A62 = &2 + &i = 
0, . . . , Abp = bp + = reduce CHq of this torus, to a single-generator algebra. If 
b denotes a generator of CHq then, when p = 7, the previous two formulas impose the 
relations 

1 + 6^ = and 1 + 6 + 6^ + (1 + 6^ + b^ = b + b^ + b^ + b^^ = 0. 

The second of these is equal to b + b^ times the first. For a general p, identifying the 
grading generators leads to the reductions 

Bii ^ Qpib), B12, B21 ^ Qp^iib), B22 ^ Qp^2{b), 
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where the polynomials Qk are defined by setting Q-i{b) = 0, Qo{b) = 1 and then 
applying the recursion Qk{b) = bQk-iib) +Qk-2{b). They are also characterized by the 
formula 

' Qk{b) Qk-i{b) 
_Qk-i{b) Qk-2{b)_ 

(This follows by a straightforward induction argument, explicit formulas for the co- 
efficients can be obtained from Pascal's triangle). In particular, because the de- 
terminant of the above matrix is 1, Aa2 = da2 = 1 + -B22 + -B21-B12 reduces to 
1 + Qp-2ib) + Qp-iibf = Qp.2{b) + QAmp-2{b) = (1 + Qp(6))Qp-2(&). Here of 
course, 1 -|- Qp{b) is just the reduction of Aai = dai. Thus so far, we obtained only 
one relation, 1 -|- Qp{b) = 0, for the single generator b of CHq. 
The other relation, again for p = 7, comes from 

Abi = 61 + 1 + 62^3 + &2&5 + &2&7 + &4&5 + b^bj + bob-j + b2bzbAb^ 

+ 62&3&4&7 + b2b3bQbj + &2&5&6&7 + b4b5bQb7 + 62&3&4&5^6^7, 

which simplifies to 

1 + b + b^ + b^ = 0. 

(For general p, Abi = 61 + -B21, which reduces to 6 -|- Qp-i{b). This follows from 
Theorem 11.11 and [151 Proposition 8.2].) The Euclidean algorithm shows that the 
greatest common divisor of this and 1 -|- 6^ is 1 -|- 6^ -|- 6^ -|- 6^. (Indeed, (1 -|- 6 + 6^)(1 -|- 
b'^ ^b"^ + b'^) = l + b + b^ + b'^ and (1 + 6^ + 63)(i + 52 ^ ^3 ^ _ ^ ^ ^7 ) ^^^^^ ^j^jg 

case, 

(8.2) CHo = Z2[b]/{l + b^ + b^ + b^ = Q). 

Setting 6 = 1 defines an augmentation, which corresponds to the fact that e{bi) = 
■ ■ ■ = e{bj) = 1 is an invariant augmentation of the (7, 2) torus knot. (Other, more 
typical augmentations of the knot are not invariant under the monodromy of the loop: 
81 of them form nine 9-cycles, and there is a 3-cycle too.) With this augmentation of 
the torus, the linearized differential A takes the following form: 

(8.3) A61 = • ■ ■ = A67 = 0; Aai = 61 + 64 + 67, Aa2 = 0; 

(8.4) Abi = bi + b3 + be, A62 = 61 + 62, • • • , A67 = feg + b^, 

(8.5) Aai = cLi + a2 + bi + hi + 67, Aa2 = 0. 

Here, (18.31) and (18.41) follow directly from the formulas already given, but (18.51) needs 
explanation. First, we need to understand /i(ai) and /i(a2). The key to this is [151 
Remark 3.4] and the second diagram in Figure [T2l Note that there exist no admissible 
disks there with a positive corner at ai and a negative corner at the newly created c. 
Thus the image of ai is itself in this step, and it isn't affected later either, except for 
re-labeling to /i(ai) = 02 at the end. There are, however, admissible disks from 02 to 
c. With their contributions, the image of 02 is 02 + B2id. The two triangle moves that 
follow affect d, namely d ^ d + aiC ^ d + bia2 + aiC. Then at the last move before 
re-labeling, d ^ and bi B'^i- Here, B21 refers to the braid with crossings labeled 
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b2, ■ ■ ■ ,bp,c. So far, the image of 02 is 02 + i?2i(-B2i'^2 + ctic). This gets re-labeled to 
/i(a2) = ai + Bi2{B2iai + asfep). 
So we have 

Afli = ai + 02 + r^((9ai) 

and 

Aa2 = 02 + ai + _Bi2i?2iOi + -Bi2a2&p + r^((9a2). 

All monomials in these expressions have a single grading 1 factor and several augmented 
grading factors. To linearize them, we just have to count the number of times each 
grading 1 variable appears. When p = 7, we have already checked that B12 and B21 
are sums of an odd number of terms (13, to be exact). To compute the contributions 
from the T ^{dai) terms, note that it is essentially the same task as the linearization of 
Attj = dai'. each monomial contributes the sum of its terms to the latter, and the sum 
of the hat equivalents of its terms to the former. 

Now it is straightforward to compute that the homology of this complex has rank 
1 in gradings 1 and 2 and rank everywhere else. This is identical to the linearized 
contact homology of the standard torus that is the trace of the constant isotopy of the 
unknot. (The latter has single generators in gradings 1 and 2 and a trivial differential, 
hence is its only augmentation.) Yet, the torus derived from the (7,2) torus knot is 
different since its CHq, given by (18. 2p . is non-trivial. □ 
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